RATIONAL POINTS ON COMPACTIFICATIONS OF 
SEMI-SIMPLE GROUPS 

JOSEPH SHALIKA, RAMIN TAKLOO-BIGHASH, AND YURI TSCHINKEL 

Abstract. We prove Manin's conjecture concerning the distribu- 
tion of rational points of bounded height, and its refinement by Peyre, 
for wonderful compactifications of semi-simple algebraic groups over 
number fields. The proof proceeds via the study of the associated 
height zeta function and its spectral expansion. 
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JOSEPH SHALIKA, RAMIN TAKLOO-BIGHASH, AND YURI TSCHINKEL 



Introduction 

Let F be a number field and G a connected linear algebraic group 
over F. We are interested in distribution properties of rational points on 
smooth projective equivariant compactifications X of G with respect to 
heights. More precisely, we assume that X contains G as a Zariski open 
subset and that the left- and right action of G on itself extends to X. 
Equivalently, X is an equivariant compactification of G x G/G. A split 
over F semi-simple group G of adjoint type has a canonical (wonderful) 
compactification, constructed over an algebraically closed field in 
and over arbitrary fields (and over Z) in [SH] and fHl- In this paper we 
consider wonderful compactifications of forms of such groups. One of our 
main results is a proof of Manin's conjecture for this class of varieties: 

Theorem 1. Let X he the wonderful compactification of a semi-simple 
group G over F of adjoint type and C = {L, \\ ■ an adelically metrized 
line bundle such that its class [L] in the Picard group Pic(X) of X is con- 
tained in the interior of the cone of effective divisors Aefr(X) C Pic(X)iR. 
Then 

(") ^(^. ') - «^(^)-' - (, - :'g)).^> ^ (. - aii))^^'- 

and, consequently, 

U{C,B) := #{x G G{F)\Hc{x) < B} ^ a(L)(&(L) - 1)! ^"^"^^ 

as B ^ oo. Here 

• a(L) = inf{a | a[L] + [i^'x] £ Aeff(X)} (where Kx is the canonical 
line bundle of X); 

• b{L) is the (maximal) codimension of the face of Acs{X) contain- 
ing a{L)[L] + [Kx]; 

• c{C) G ]R>o and 

• h{s) is a holomorphic function (for^{s) > a{L) — e, some e> 0). 
Moreover, c{—ICx) is the constant defined in pH] . 



A concrete special case of this theorem can be described as follows. Let 
p : G — >• GLiv be a faithful absolutely irreducible representation defined 
over F. Since G is of adjoint type we may think of p as a projective rep- 
resentation into PGL^r. Think of PGLjv as an open set in the projective 
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space fix a height function H on ^^[F). Denote the pull back 

of H to G(F) via p by Hp. The theorem in particular gives an asymptotic 
formula for the number of elements of the set 



{7 G G(F) I i7,(7) < B} 

as B goes to infinity. 

The proof is based on the study of analytic properties of the height 
zeta function (jO.Hl . The zeta function is first realized as a special value 
of an automorphic form on the group G(A). Then we write down the 
automorphic Fourier expansion in terms of a basis of automorphic forms. 
In general, we also have a contribution from the continuous spectrum. 
The Fourier expansion gives an identity of continuous functions which 
we use to prove a meromorphic extension of the height zeta function. 

This paper is part of a program, initiated in [TH] and developed in jl] , 
, [11 5 to relate asymptotics of points of bounded height to geometric 
and arithmetic invariants of X. For further results and motivating exam- 
ples we refer to the book [201 and the papers [6,, [37j, and |31j. The 
recent preprint [201 gives a simplification of of the proof of Theorem Q 
based on adelic mixing. 

The paper is organized as follows. In Part One we collect various re- 
sults on algebraic groups and automorphic forms. Section |21 contains a 
theorem about transfer of one- dimensional automorphic representations 
among inner forms of a group. Section 13.11 is concerned with Eisen- 
stein series and automorphic Fourier expansions. The key results are 
Lemma 13.11 and Proposition 13.51 In Section 14.11 we recall a theorem of 
Oh f Theorem 14. 2p which we use for estimates in the spectral expansion. 
In Part Two we apply this theory to Manin's conjecture. In Section El we 
review the construction of wonderful compactifications and their geomet- 
ric properties. In Section IHl we study height functions and their integrals 
in the local situation. The problem of regularizing global height integrals 
is considered in SectionjTl In Section|Hlwe establish analytic properties of 
height zeta functions in several complex variables. Tauberian theorems 
imply asymptotics for the number of rational points of bounded height. 

Acknowledgments. The authors wish to thank Erez Lapid, Hee Oh, 
and Peter Sarnak for various useful discussions. 
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Part 1. Algebraic groups and automorphic forms 

1. Algebraic groups 

1.1. Basic notation. For a number field F, let Val(F) be the set of all 
places and 6*00 = Soq{F) the set of archimedean places. For v G Val(F), 
let Fy be the completion of F with respect to v, Op (resp. O^) the 
ring of integers in F (resp. F^) and q — Qv the order of the residue 
field k = of Oy. For any finite set of places S (containing 5*00) we 
denote by Os the ring of ^-integers of F. We denote by A the ring of 
adeles, by A5 = Hl^s-^f by Aj = A^^. Let Tp and F^ the Galois 
groups of F/F and Fy/F^, respectively. For L/F a Galois extension, 
with w e Val(L) and v e Val(F) satisfying w\v, set Tyj/^ — Gel{Lyj/Fy). 

For X = Xp an algebraic variety over F and L/F an extension write 
Xl = X XpL for the base-change to L and X{F) for the set of F-rational 
points of X. For v G Val(F), we abbreviate X^ = Xp^. We typically 
identify X^(F^) and X(FJ. 

We denote by Pic(X) the Picard group of X and by Aes{X) C Pic(X)]K 
the (closed) cone of effective divisors on X. We often identify line bun- 
dles, divisors and their classes in Pic(X). If X has an action by an 
algebraic group H we write Pic'^(X) for the group of isomorphism classes 
of H-linearized line bundles on X. 

1.2. Setup. Throughout this paper, G is a fixed connected semi-simple 
group of adjoint type defined over a number field F and G' a quasi- split 
group over F of which G is an inner form. The groups G and G' have a 
unique split F-form G*^. We may assume that G^^ is obtained by base- 
change from a split group, again denoted G'^*', over Q. We fix a Galois 
extension E/F such that G{E) = G'{E) = G''p{E). Its Galois group is 
denoted by F = Gal(£'/F). We denote the simply-connected cover of G 
by G^'^. Let T be a maximal torus of G viewed as an algebraic group over 
F. For each v G Val(F), we denote by S^, the maximal F^-split subtorus 
of T considered as an algebraic group over F„. The corresponding objects 
for G' and G*^ are written T', S^, and T*^, respectively; for G^^, we make 
the choice in such a way that T'^p is split. We choose maximal tori 
T, T', T*^ in such a way that they have the same set of rational points 
over E. In particular, T' is split over E. We let S' be the maximal split 
torus in G' contained in T'. We choose a finite set Sp C Val(£^) containing 
all the archimedean places so that if w ^ Sp is non-archimedean then 

• the extension Eyj/F^ is unramified for all v G Val(F) with t^l^;; 
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• if f G Val(F) is not divisible by any w G Se-, then G is quasi-split 
over and G(F^) = G'(F^). 

We will denote by 5*^ the collection of all places of F which are divisible 
by some w G Se- Later, we will need to enlarge Se, and 5*^, to satisfy 
extra assumptions; c.f. 11.41 We have a standard and a twisted action of 
r = Gal(E/F) on G'(E), denoted by 

g ^ a{g), resp. g a{g). 

Here 

a = c((j) ■ cr, 

where c G Z^(r, Inn(G')(-E')) is a cocycle with values in the group of inner 
automorphisms of G'. 

Pick a Borel subgroup B^^ in G*^ which contains T*^. As G' is quasi- 
split it contains a Borel subgroup B', containing T', which is defined 
over F. If v ^ Se, then by transfer of structure we obtain a Borel 
subgroup B(F„) in G(F^,). If t> G Se, we pick a minimal parabolic Fy- 
subgroup B{Fy) of G(F^) containing S(F„). For each place v, denote by 
l>(G(F„),S(F„)) the set of roots of S(F^) in G(F„) and by $(G(F^), S(i^„)) 
the set of non-multipliable roots in $ with the ordering given by B(F^). 
Let X*(S(F^)) denote the set of characters of S{Fy) defined over Fy. 
Denote by X+ (resp. $"*") the set of positive characters (resp. roots) 
in X*{S{Fy)) (resp. $(G(F^), S(F^))) with respect to that ordering. We 
also let A(G'^*', y^) = {ai, . . . , a^} be the set of simple roots of for the 
pair (G''^, T'^P) with respect to the ordering introduced by B'*^, and let p 
be half the sum of the positive roots for the same pair. For any subset 
/ C [1, . . . , r] we denote by Pf the corresponding parabolic subgroup of 
G*P and by Lf its Levi subgroup. Let W be the Weyl group of the pair 
(G^^, T*P). Denote by {si,...,Sr} the set of simple reflections, by i the 
length function on W and by wq G W the longest element with respect 
to i. We let {uji, . . . ,ujr} be the collection of the fundamental weights of 
the simply-connected cover of G*^. We will also occasionally speak of the 
root system of the pair (G',T'), the ordering given by the choice of B', 
and the collection of simple roots A(G', T'); the collection of Fi^-orbits in 
A(G', T') is the same as A(G', S'). 

If V is archimedean, we set 

(1.1) F^ = {x eR\x>0} 
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and 

(1.2) = {x eR\x>l}. 

If V is non-archimedean, we fix a uniformizer rzi of F^, and set 

(1.3) F° = {ro" I n G Z} 
and 

(1.4) F„ = G N}. 
We set 

(1.5) S^(F^)° = {a G S„(F„) I a{a) G F° for each a G X*(S(F^))} 
and 

(1.6) S„(F„)+ = {a G S(F^) I a(a) G for each a G $+}. 

Similarly we may define S^(Fi,) + . We define constants for a G A(G''^, T'^^) 
by: 

(1.7) ^ = XI 

a>0,oe*(G,T) aeA(G,T) 

1.3. Integrality. By assumption, G and G' are of adjoint type and we 
can identify Inn(G') = G'. Then, for g G G'(-E'), we have 

c(o-) ■ g = a^ga^^ 

for a uniquely defined element G G'{E). For w G 'Val{E) and v G 
Val(F) with w\v, we have a restriction homomorphism 

iyj : Z^(r, G'(-E)) ^ Z^(r^/„, G'(-E'^)), 

The group = Gp^ is obtained from the corresponding quasi-split group 
G^ by twisting with c^^. With our choice of the set Se from II. H the local 
cocycle splits for w ^ Se- Thus for w ^ Se, ct G r^„, we have 

c„(cr) = ■ cr(a~^) , 

for some element G G'(i?^). Identifying G'{E) = G{E) we may regard 

• G'{F) as the F- fixed points of G'{E) for the standard action and 

• G(F) as the F-fixed points of G'{E) for the twisted action. 
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G(F„) G'iF,) 

and further 

Recall that the global group G' splits over E and put 
0' = Lie(G') and 0'^ = g'{E) . 
Let T' C G' be a maximal split torus defined over E. Let 

0^^ = Lie(G^P), 0^^ = s^^(Q) . 
Let Aq be a Chevalley lattice in adapted to Set 

:= Aq ®z Oe 

and also set 

A^ := A^ O OeO^. 

Then A^ is a Chevalley lattice in q'^ = q'{Eu]). Moreover, A^ is adapted 
to the torus obtained from T' by base extension to E^ij. Let be 
the stabilizer of A^ in G{E^) = G'{E^). We have (see Proposition 
2.33): 

Gw = ■ B(-E'uj) = B{Eiu) ■ . 

Proposition 1.1. Let v be a finite place of F and E^ an unramified 
extension of Fy. An element G G{Ew) = G'^E^) satisfies 

if and only if it is of the form 

a,fjj • J 

with ku, G and 7^ G G'{Fy). 

We first recall the following 

Theorem 1.2 (see jS2l! P- 292). Let G^ he a connected semi-simple group 
over F^. Suppose that G„ is defined over 0^ and that as a group scheme 
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over Oy, it has a connected smooth reduction modulo p^. Let E^, he a 
finite unramified extension of . Then 

Proof of Proposition ] 1. 11 Consider the exact sequence of (pointed) sets 

1 ^ g:(oj -> G^Ej ^ Guoj\G:(i?j 1 

and the corresponding exact sequence in cohomology 

1 ^ Gua) - g:(f.) (g:(o.)\g:(ej)^» h\t, g^o.)) = i, 

by Theorem 11.21 Consequently, 

GUa)\G:(F.) = {G'^{0^)\G'^{E^)f- , 
precisely the statement of Proposition 11.11 □ 

1.4. Good primes. To apply Proposition 11.11 we will enlarge Se, and 
Sp, so that for all v ^ Sp one has: 

• G' has a group-scheme structure via the Chevalley lattice Ap] 

• G' has a connected smooth reduction modulo p^; 

• for all 0" G r 

c{a) e G'(O^) = Kl ; 

• the local cocycle 
splits. 

Under these assumptions, for a G F^^, we may write 
for some G G'(£'^). Then, for w ^ S, 

By Proposition I l.H we have = k^, ■■Jw, for some G K^, 7^ G G'(F^). 
Since cr(7^) = 7^ for cr G F^, we may assume that 

c^(or) = ■ o-(a~^) 

with G K^. Our main conclusion is 

Corollary 1.3. There is a unique element G such that 

a-^G(F,)a^ = G'{F,). 
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Proof. We only need to prove uniqueness. Suppose that we have another 
element b G G(i?^) such that 

b-'G{F,)b = G'{F,). 

Let z = ba~^. Then 

(1.8) zG{F,)z-^ = G(F,). 
Next, let a G Gal(i?^/Fj,). Then from (jl.8j) we have 

a{zgz-^) = zgz'^ 

for all g G G(F^). Hence, z~^a{z) belongs to the centralizer of G(F^) in 
G{Fy). But then by a theorem of Rosenlicht, G(F^) is Zariski dense in 
G{Fy) (see |H], p. 11). Thus z G Z(F^) (the center of G(F^)). Since G is 
an adjoint group, we have then z = 1 and a = b. □ 

We set = n G'(F^). For v ^ Si?, this is a maximal compact 
subgroup in G'{Fy). Put = a^K^a^^. Then 

Corollary 1.4 (Cartan Decomposition). For v ^ S'f, we have 

(1.9) G(F,) = K,S(F,)+K,. 

Remark 1.5. If v G Sp, then there is a maximal compact subgroup K„ 
of G{Fy) and a finite set C G(Ft,) such that 

(1.10) G(F,) = K„S(F„)+n„K,. 

The set Qy is trivial if v is archimedean, or G{Fy) is split, or G(Ft,) quasi- 
split and split over an unramified extension. 

1.5. Galois cohomology of simply-connected groups. Here we re- 
call basics facts about simply-connected semi-simple groups over the ade- 
les. 

Theorem 1.6 (Kneser). Let H be a simply connected semi-simple group 
over F . Then, for v \ oo, 

H\Ty,H{Fy)) = l 

and the natural map 

H\T,W\F)) ^\{H\Ty,H{Fy) 

v\oc 

is a bijection. 
It is useful to keep in mind the following: 
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Lemma 1.7 (Theorem 6.17 of [32j). Let D be a connected compact alge- 
braic group over M. Then 

i/i(rM,u(C)) = A7WA 

where 

A' ■= {t e /K\t^ = 1}, 

A C U zs the maximal M.-torus and Wa = Nu(A)/A is the corresponding 
Weyl group. Here, Nu{A) is the normalizer of /K in U. 

1.6. Norm maps. Let T be an algebraic torus over F, splitting over a 
normal extension E/F with Galois group F, f a place of F, w; G Val{E) 
a place over v, and r^/„ the corresponding local Galois group. We have 
the following natural norm homomorphisms: 

T{E^) ^ T(F,), T{E^) ^ T(F,) 

1[E) ""-^ T(F), T(A^) """^^ T(A^) 

t ^ riaer^W' i^^)^ ^ (N^,(^^„))^,. 

Lemma 1.8. Fort G T{E) one has '^E/rit) = Na^/Af(^)- 

Proof. Let w be a place of E over v and C F the fixer of w. For any 
(T G F we have crFu,cr^^ = Fo-(^) and = |cr(x)|o-(^). For a fixed w write 

We have, for t G T{E), 

9 

^E/F{t)=i[ n p^7\t) 

j=i p€r^^ 
j=i peTiu-^ 

=n-7' n M')- 

j=i per^. 
We have the commutative diagram 
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id 



E -E'<t{«;) ^ F„ 

where are the canonical maps and a* is the continuous extension 

of a. 

For ty, := Hper^ P(^) we have 

t^(N£/F(t)) = i^,{^E/F{t)) 
9 

Next, let for each w, 

r; := {p* I p e r^}. 

If p e r^u^. then p{aj) — aj. Thus 

Thus t^ .(a) is fixed by and therefore belongs to Fy. But then 



Thus 



On the other hand, 



3=1 per^ 
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This completes the proof. □ 

2. One-dimensional automorphic representations 

In this section we define a transfer associating to each one-dimensional 
automorphic representation x of G(A) a one-dimensional automorphic 
representation x' of G'(A) in such a way that it respects local isomor- 
phisms. The basic idea is to define a local transfer, and then use invari- 
ance under G(-F) and weak approximation to extend the definition to the 
entire G(A). We will also define certain Euler products that will later be 
used to regularize height integrals. 

2.1. Automorphic characters for simply-connected groups. 

Proposition 2.1. Let F he a number field and H a connected simply- 
connected semi-simple group over F . Let x be a one- dimensional auto- 
morphic representation o/H(A). Then x = 1. 

Proof. Let E/F be a finite Galois extension splitting H. There are in- 
finitely many v G Val(F) which split completely in E. For such v the 
local group H(F^) is split. Since H is simply-connected, H(F„), as an 
abstract group, is its own derived group (see jU], esp. 3.3.5, p. A-16). 
Thus x|h(f„) = 1- Also, x|h(f) = 1- By strong approximation (see The- 
orem 7.12, p. 427 of 32 ), H(FJH(F) is dense in H(A). It follows that 

X = l- ' □ 

2.2. The local transfer. Let G be as in 11.21 and 

J, ■ G'%F,) ^ G(F,) 

be the canonical homomorphism from its simply-connected covering. Let 
w be a finite place of F and G^, the group of characters Xv of G{Fy) which 
are trivial on j„(G'"^(F^)). 

By Kneser's theorem if ^(F^, G*'^(F^)) = 1. We have an exact 
sequence 

1 ^ Z(F,) ^ G^'=(F,) ^ G(F,) ^ H\F,, Z(F,)) ^ 1 

and a similar sequence for G'. Here Z is the center of G'^'^. We may 
identify 

(2.1) = H\F,,Z{F,))\ 
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(the character group of if ^(F^,, Z(_f\,)). Recall that G is obtained from 
G' by replacing the standard Galois action by a twisted action, via some 
representative of H^{Gal{F / F), Inn(G'(F))). Since inner automorphisms 
of G'{F) fix Z(F), these two actions coincide on Z(F), and similarly for 
Z{Fj,). By ()2.1|) we get then, for non-archimedean v, a natural isomor- 
phism 

(2.2) tr, : G, G^. 

Remark 2.2. We observe that equation ()2.1|) implies that there is a num- 
ber n, independent of v, such that every occurring character of G{Fy) sat- 
isfies = 1- This follows from a case-by-case analysis of H^{F^, Z{F^)) 
as carried out in [321, Section 6.5. We will come back to this point in 18. 91 

2.3. Weak approximation. We now apply weak approximation (The- 
orem 7.7, p. 415 of 133): 

Theorem 2.3. The group G(F) is dense in Goo := Y[v\oo ^i^v)- 

For v\oo, the map ■ G**'^(F„) — >• G(F,) is submersive. Write G^ C 
Goo for the image of HdIoo G'^'^(F^) under Hiiiooi'^' open subgroup. 

Thus pr^{G{F)) ■ G:, = Goo and 

G(A) = G(F) ■ Go ■ G:,. 

Here pr^ is the product of the projection maps pr^ : G(F) G{Fy) for 
v\oo. 

2.4. Global transfer. Let x = Ylv Xv be a one-dimensional automor- 
phic representation of G(A) such that Xv is trivial on j„(G'*'^(F^,)), for all 
V G Val(F). In particular, Xoo '■= YlviooXv is trivial on G^. Using ()2.2|) 
we define 

x'o = n^^^(^'')- 

v\oo 

We also have 

G'(A) = G'{F) . G', ■ {G'J*. 

We extend x'o to a character x' of G'(A) by setting x' = 1 on G'(F) ■ (G^)*. 
Then x' is well-defined since it is trivial on the intersection 



G;, n G'{F) . {G'J*. 
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Indeed, write G(F)* := {7 G G(F) | pr^i^j) G G^}, and similarly for 
G'. Note that 

pro(G(F)*) = G(A^) n G(F) • G;,, 
and similarly for G'. It suffices to check that 

(2.3) 6o{pr,{G{Fr)=6',{pr,{G'{Fy)), 

where 60 := nj;foo similarly, 6q = Y[v\oo^v- fd^ct, the character 

X is trivial on G(F) ■ G^. 
Next, the sequence 

(2.4) G^^(F„) ^ G(F,) ^ H\F,, Z(F,)) 

is exact for all v. Set 600 = nt;|oo^^'- Then in particular, 5oo(Gj^) = {e}. 
We also set S^. = Sq x 600 = Ylv ^v- Then ()2.3p is equivalent to 

(2.5) 5A(G(F)*)=5i(G'(F)*). 
Let Pt, be the canonical map 

: H\F,Z{F)) H\F,,Z{F,)) 

and 

p : H\F,Z{F))^l[H\F,,Z{F,)) 

V 

the corresponding global map. We have p o Sp = ^a, where 6f is the 
coboundary map G{F) H^{F, Z{F)). 

Proposition 2.4. Let c G H\F, Z{F)). Then c G 5f(G(F)*) z/and on/y 

Pv{c) = Cy = for all v \ 00. 
Proof. We have a diagram 

G(F) . H\F, Z(F)) H\F, G^'=(F)) 



G(A) ^ n. H\F^, AK)) — n^too H\F^^ G-(F.)). 

where (7 is bijective (see Th. 6.6, p. 286 of P^), both squares are 
commutative and the top row is exact. Recall also that if^(F„, G'*'^(F„)) = 
{e}, if V is finite. 
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Suppose that = Zy{c) = for t> infinite, c G H^{F,Z{F). Then 
^a((c«)i,) = e. Consequently, k^-z{c) = g-kp{c) = e. Since g is bijective, 
we have kp{c) = and consequently 

c = 6f{j) 

for some 7 G G(F). We prove that 7 G G(F)*. In fact, we have 

Cv = Svilv) = e, for V I 00. 

But then, by the exactness of the sequence ()2.4j) . 7^, G Im(jt,), for any 
infinite v. Therefore, 7 G G^. The converse assertion also follows from 
the exactness of ()2.4|) . □ 

Corollary 2.5. yls before, let 

6f : G(F)^i/i(F,Z(F)) 

and similarly 6'p be the respective co-boundary maps. Then 

6p{G{Fr) = 5UG'(F)*). 

Proof. By the Proposition, each of the sets 6f{G{F)*) and 5p{G{F)*) 
coincides with the set of c G H^{F,Z{F)) satisfying c^, = e for f | 00. 
Our assertion is now an immediate consequence. □ 

2.5. Compatibility. The following lemma shows that the above defini- 
tion of transfer is the correct one: 

Lemma 2.6. Let v ^ Sp and w G Val(i?) be such that w \ v. Let be 
as in Corollaru M.^A Then for all x G G{Fy) one has 

Proof. In this proof, we write a for a^. There is a character ^ of the 
discrete group H^{Fy,Z{Fy)) such that 

X{x) = ^(S^ix)), X G G(F^) and x'{x) = ^(S'^ix)), x G G'(F^). 

It suffices to prove that 6'^{a~^xa) = We calculate the two co- 

boundary maps, 6y and 6'^. Choose x G G'^'^{Fy) such that jv{x) = x. 
Then 

Sv{x) = x~^a(x) = x~^c{a) o a'(x) = x~^ da' (d)~^ a' {x)a' {a)a~^ . 
Recall that, for v ^ Sp, 

Cy{a) = a~V(a). 
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We calculate 6[,{a~^xa), for x e G(F^). Choose d e G^'^{Fy) such that 
Ad(a) — a. We have then 

Sl{a^^xa) = {d^ xa)~^ a' {d~^ xd) = d^ x~^ da' {d~^)a' {x)a' (d) . 

Since 5'y{x) e Z(F^), we have 

a5'^{x) = S'^{x)a, 

or 

Thus 

Sl{a^^xa) — x~^da' {d^^)a' {x^^)a' {d)d^^ = 6y{x), 
as claimed. □ 

2.6. Continuity. Since Z is commutative, H^{Fy,Z{Fy)) is a (discrete) 
group and the co-boundary map 

5y : G{Fy) ^ H\Fy,Z{Fy)) 

is a group homomorphism. 

Lemma 2.7. T/ie ma|? 5^ is continuous. 

Proof. The map 

jy : G^^(F,) ^ G(F,) 

is a submersion of f-adic Lie groups (the differential of is the identity 
on the Lie algebra Lic(G*''^(Ft,) = Lic(G(Ft,)). Hence, Im(j^) = Ker(5^) is 
an open subgroup of G(F^,) and the claim foUows. □ 

In any case, if Xv '■ G(i^y) ^ C* is a homomorphism of groups which 
is trivial on the image of j^, then Xv is automatically continuous. 

2.7. Automorphy. We have associated to each one-dimensional auto- 
morphic representation x of G(A), trivial on j(G*'^(A)), a "formal" auto- 
morphic character 

X' : G'(A)^C^ 
i.e., a homomorphism, trivial on G'(F). 

Theorem 2.8. The character x' is an automorphic character. 
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Proof. We need to show that x' is continuous. Since the map 

is continuous, each x'v is also continuous, for v finite. By construction, 
X'oo = Uv\oc x'v is trivial on the open subgroup (G'^)* C G'^. Thus, x'oo is 
continuous. The character Xv is trivial on K^,, for almost all v. We claim 
that x' is trivial on for almost all v. This immediately follows from 
Lemma IT^ and considerations of Section lTTil We have already noted that 
x'v is continuous for all v. It follows finally that x' is continuous. □ 

2.8. Hecke characters. We now associate to x' ^ function L{s,x'), a 
product of Hecke L-functions. This function will later be used to regu- 
larize Fourier transforms of global height functions. 

Suppose first that G^ = G"*^ is split. Let T"*^ C 6"*^ C G''^ be a maximal 
split torus (over F), and a Borel subgroup containing T. Let A = {a} 
be the associated set of simple roots and {a} the dual basis of the co- 
characters X*(T*^). For A G Gm(A) and a G A define 

a(A) = X'(«(A)). 

This is a character of Gm(A)/Gm(F) (Hecke-character). We define 

Lis,x') = llL{s,U- 

In general, when G' is quasi-split, and not necessarily split over F, we 
have 

$(G',r) c x^(r) = x*(r) and <I'(g',s') c x^(r). 

Then the restriction map 

(2.6) r : $(G',r) ^ $(G',S') 

is surjective, and 

r(A(G',r)) = A(G',S'). 
The Galois group F acts transitively on the fibers of 

r : A(G',r) ^ A(G',S'). 

Fix a simple root a and let F^ be the stabilizer of a in F. Let be the 
fixed field of F^. Since G is adjoint, for each a G A(G', T') we have an 
associated co-root a uniquely characterized by 

(a,/3) = laf3 
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where ( , ) is the natural F-equivariant pairing 

X^V) X X*{V) Z 

(and 1 is the delta function). 

Since a is defined over K := E^, so is a. We have then a morphism 

a : Gm ^ T', 

defined over K and consequently a continuous homomorphism 

Let (pa be the composite 

0„ : GU^k) ^ ViAj,) """-^^ r(A^). 

By Section [T^ 

(Pa : GUK)^ViF). 

Thus, if X is a character of T'{Af)/T'{F) then C,a = X ° (pa is an auto- 
morphic character of Gm over K, i.e., a Hecke character. Write C,a = 

Let f be a place of F, w a place of K lying over v and u a place of E 
lying over w. Let F„ C C -E„ be the corresponding completions and 
t'w,t'w,t'u the respective embeddings, with Lu\k = i^w, t'wlr = t^v Write 
X*j,^{V{F,)) = X*iV{F,)) and let 

L* : X*(r) ^ X*(r(F,)) 

be the isomorphism induced by Lu- As above, we have a restriction map 

: <|.(G'(F,),r(F,))^$(G'(F,),S;(F,)) 

mapping A(G'(FJ, T'(F^)) to A(G'(F^), S;(FJ). The local Galois group 
Tu/v acts transitively on the fibers of 

: A(G'(F,),r(F,))^A(G'(F,),S:(F,)). 

Next suppose that K^j/Fy is unramified. Suppose also that ^a,w is un- 
ramified. Let 

where is a prime element for K^. Let 
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Let G X^:{S'^{Fy)) be the associated co-character. Let 

GA(G'(i^„),r(F,)) with r„(/3)=^J 
= #{rv. - orbit of a„ in A(G'(F,), r(F„))} 

Proposition 2.9. With the above notations, we have 

K{s,ia,.) = (1 - xviu^)) ■ q:'^^^^T'- 

Proof. It suffices to prove 

let r^/yj = Gal{EjKy,). Then the fixer of in A(G'(F^), T'(F^)) is 
r„/^. Thus 

For the the second assertion if suffices to prove that 
The map i„ induces an isomorphism 

4 : x*(r) ^x*(r(F,)). 

Then i* preserves the natural pairing of roots and co-characters. The 
co-character obtained from a by base extension to Ky,: 

&w '■ ^m/ T'/ Kyj 

We have for A e F* 

c = Nx„/F,(a«,(A)) 

= n ^M^-'m 

Here we regard G X*(T'(F„)) and go is the natural action of V^jv on 
X*(T'(F„)). Since c is fixed by V^iv, we have c G X*(St,(F^)). In fact, the 
morphism G„j — ^ T'(F^,) is defined over F^. Let S(F^) be the image of 
c in T'(Fu). Then S(Ft,) ■ S^(F„) = Sy(F^), since is a maximal split 
F^-torus in T'(F^). Thus S(F^) C S^, and we have — ^ S^. 
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It will suffice to prove that c = du, as elements of X*(S(,(F^)): 

(c,7)s; = (4,7)si 
for all 7 G A(G'(F^), S^F„)). For this it suffices to prove that 

• (c, 'i?u)s' = 1; 

. (c,7)s/= for all 7 G A(G'(F,), S;(F,)) with 7 7^ 
We have 

(C, i?^)s; = (C, Oiu)v{F,) = "«)t'(F«)- 

Next we have = in jC*(T'(F^)). Here 

: ^^m/ Eu T'/ Eu 
is obtained by base extension from 

a : Gm/E ^ T'/^;, 

and 

au : T'/ Eu — > G^/ 
is obtained by base extension from 

a : r/E ^ 

Since extending the scalars preserves the natural pairing between roots 
and co-roots, we have the claim. □ 

2.9. Infinite products. The next step is to express an infinite product 
of the form 

(2.7) n n - xv{^M)q;'^^'^'^)-' 

i)gVal(F) i9gA(G'(F„),S;(F„)) 

in terms of Hecke L-functions; this will be important in the regularization 
of height integrals. The above expression, as written, has an infinite 
number of complex variables. In practice, the number of variables is 
finite, since the complex numbers are Galois invariant in the following 

sense. 

Consider the commutative diagram 



^*(T') -X*(T(F,)) 

''V 

r r,j 

x*(S') — r^*(S„(F,)). 
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Let a G A(G', T') and let D = F ■ a be the orbit of a (for the action 
of r on A(G',T')). We set further = r^«(D)) C A(G'(FJ, S;(FJ). 
For each ■(9 G D^, choose a /5 G A(G',T') so that r„(6*(/5)) = i?. We now 
require that depend only on the Galois orbit of (i in A(G',T'), i.e., 
only on D; we will denote the common value of all such by so- With 
the assumption, the number of genuine complex parameters appearing 
in ()2.7|) is the number of distinct Galois orbits D in A(G', T'). 

Fix an orbit D. For any /3 G D, we have a field over which /3 
is defined. We have already described how to associate to /5 a Hecke 
character ^^ix) of E^. The Hecke L-function L(s,^/3(x)) depends only 
on the Galois orbit D, and not on the particular /5. For this reason, we 
denote the L-function L(s, ^/^(x)) by L(s,^o(x))- An argument similar 
to the proof of Theorem 4.1.3 of leads to the following proposition: 

Proposition 2.10. We have 

(2.8) 

^;GVal(F)i?eA(G'(F„),SUi^O) C 

where the latter product is over all Galois orbits in A(G',T'). 



3. ElSENSTEIN SERIES AND SPECTRAL THEORY 

3.1. Basic spectral theory. Let B be a minimal parabolic subgroup 
of G. We will work only with standard parabolic subgroups and up to 
association. A typical parabolic subgroup is denoted by P. We denote 
the Levi factor of P by Mp, its unipotent radical by Np, and the split 
component of the center of Mp by Ap. We let X(Mp)q be the group 
of characters of Mp defined over Q, and we set ap = Hom(X(Mp)Q, M). 
Clearly, Op = X(Mp)(Q ®R. We denote by Ap the set of the simple roots 
of (P, A). We usually drop the subscript P. 

For m = (m^)^ G M(A) define a vector Huirn) G Op by 

(3.1) e<^-(^'")'^> = |x(m)|=nix(m.)|.. 

V 

for all X ^ ^(M)(Q. This is a homomorphism 



(3.2) 



M(A) — > ap. 
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We let M(A)^ be the kernel. Then 

(3.3) M(A) = M(A)i X A{Rf. 

By Iwasawa decomposition, any x G G(A) can be written as nmak with 
n e N(A),m e M{A)\a E A{Rf,k e K. Set Hp{x) := Hu{a) E Op. 
Denote the restricted Weyl group of (G, A) by W. The group W acts on 
Ob and Og. For any s E W, fix a representative Ws in the intersection of 
G(Q) with the normalizer of Ab. If Pi, P2 are parabolic subgroups, we 
let >V(ai,a2) be the set of distinct isomorphisms ai 02 obtained by 
restricting elements of W to ai. The groups Pi, P2 are called associated 
if W(ai, 02) is not empty. We usually think of W(ai, 02) as a subset of 
W. We let n{A) be the number of chambers in a. 
Set 

(3.4) = {H E ap; a{H) > for all a E Ap}, 
and 

(3.5) (a^)+ = {Ae a*p; A(d) > for all a E Ap}. 
There is a vector pp E (ap)+ such that 

(3.6) Spip) = I det = e2^^(^^(P)) 

for all p E P(A). We take the normalization of Haar measures to be as 
in d]. 

Let L2^,p(M(Q)\M(A)i) be the space of functions in L2(M(Q)\M(A)1) 
such that for any parabolic Pi ^ P we have 

(3.7) / 4>{nm) dn = 

iNi(Q)nM((Q)\Ni(A)nM(A) 

for almost all m. It is known that 

(3.8) LL,(M(Q)\M(A)i) = 0V; 

p 

where Vp is the p-isotypic component of p consisting of finitely many 
copies of p (possibly zero). The pairs (M,p) and (M',p') are considered 
equivalent if there is s G W(a, a') such that the representation 

(3.9) (sp)(m') = p{w;^mws) (m' G M'(A)^) 

is unitarily equivalent to p' . Let X be the set of equivalence classes of 
such pairs. For any X G X we have a class Vx of associated parabolic 
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subgroups. If P is any parabolic and X G X, set 
(3.10) LL,(M(Q)\M(A)^)x = V,. 

(p:(M,p)eX) 

This is a closed subspace of L^,^^,p(M(Q)\M(A)^), and empty if P ^ "Px- 

Fix P and X G X. Suppose there is a Pi G Vx such that Pi C P. Let 
■0 be a smooth function on Ni(A)Mi(Q)\G(A) such that 
(3.11) 

^a{m,k) =il}{amk) (/c G K,m G Mi(Q)\Mi(A), a G Ai(Q)\Ai(A)) 

vanishes outside a compact subset of Ai(Q)\Ai(A), transforms under 
according to an irreducible representation, and as a function of m belongs 
to L2„^p(M(Q)\M(A)i). Then the function 

(3.12) V'^(m) = ^j{5m) (m G M(Q)\M(A)^) 

5GPi(Q)nM(Q)\M(Q) 

is square-integrable on M(Q)\M(A)^ Define L2(M(Q)\M(A)i)x to be 
the span of all such if]^. If no such Pi exist, latter space is the zero 
space. 

By a result of Langlands, 

(3.13) L2(M(Q)\M(A)^) = L2(M(Q)\M(A)^)x. 

X 

For any P, let n(M) denote the set of equivalence classes of irreducible 
unitary representations of M(A). For C ^ cic tt G n(M) let tt,^ be the 
product of TT with the quasi-character 

(3.14) a;^e^^p(") (a;GG(A)). 

If C £ ^ci*i is again unitary. This means that n(M) is a different iable 
manifold which carries an action of m*. We use this action to define a 
measure (Ztt on n(M). 

For TT G n(M) we let 'H%{'k) be the space of smooth functions 

(3.15) : N(A)M(Q)\G(A) ^ C 

satisfying 

(1) is right K-finite; 

(2) for every x G G(A) the function 

m I— > (t){mx) (m G M(A)) 
is a matrix coefficient of tt; 
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(3) = /k /m(q)\m(a)i \(l){mk)\'^dmdk < +00. 
Let 7ip(7r) be the completion. If G 7Yp(7r) and C ^ "^c 

(3.16) (/)c(x) = (/)(x)e^(^p(^)) (xeG(A)) 
and 

(3.17) {Ip{n^,y)(f)^){x) = 0cM<^pM^'^p(^)"^- 

Then /p(7r^) is a unitary representation if C £ ^d*- 

Given X G X, let 7ip(7r)x be the closed subspace of TCp{n) consist- 
ing of those (f) such that for all x the function m h- > (p{mx) belongs to 
L2(M(Q)\M(A)i)x. Then 

(3.18) :^p(7r) = 07^p(7r)x. 

X 

Let Ko be an open-compact subgroup of G(A/) and W an equivalence 
class of irreducible representations of Kr. Let 'Hp{ti)x,Ko be the sub- 
space of functions in 'Hp{ti)x which are invariant under Kq H K. Also let 
'Hp{T:)x,Ka,w be the space of those functions in 'Hp{'K)x,Ka which trans- 
form under Kjj according to W . It is a theorem of Langlands that each 
of the spaces 'Hp{'n)x,Ko,w is finite-dimensional. We fix an orthonormal 
basis B{'k)x for 7Yp(7r)x, for each tt and each X, such that for all C £ i^* 
we have 

(3.19) B(7rc)x = {0c : e Bp(7r)x} 

and such that every G Bp{t:)x belongs to one of the spaces 'Hp{'k)x,Ko,w- 
Suppose that tt G n(M), G HH-k), C e cic. For 3?(C) G pp + (a*j+ we 

set 

(3.20) E{xA,Q^ ki^^)^p{^^y^ ■ 

5gP(Q)\G(Q) 

For s G W(a, a'), we define the global intertwining operator 
(3.21) 
(M(s,7r,C)0c)(^) 

(f)(^{w~^nx)5p{w~^nx)^ 5p{x)~^ dn. 

N ' (A) n«)s N ( A) «)r ^ \ N ' (A) 

Both E[x, 0, C) and M(s, 7r^)0c can be analytically continued to mero- 
morphic functions in C, to a^- For ^ G ia*, E{x, 0, C) is a smooth function 
of X and M(s, tt^) is unitary from 7ip(7r^) to 7Yp/(s7r^). 
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3.2. Spectral expansion. Let / be a function on G(Q)\G(A). By the 
spectral expansion of / we mean 

(3.22) 

X£X P 

"^n(^) ^eBp{n)x V^G(Q)\G(A) / 

For M = G, the integrals are interpreted appropriately to give a discrete 
sum. It is an interesting problem to determine under which conditions 
on the function /, we have f{x) = S{f,x). Also, for the application we 
have in mind, we need to know that the identity f = Sf holds as an 
identity not just of L^-functions, but of continuous functions. In order 
to show that for a given /, the spectral identity holds, we just need to 
prove that that right hand side of the (j3.22jl is uniformly convergent on 
compact sets. This would suffice since for all pseudo-Eisenstein series 9^ 
(11.1.10 of ^J) we have 

(3.23) {S{f),e^) = {f,S{e^)), 

and since pseudo-Eisenstein series are rapidly decreasing (Proposition 
11.1.10 ISni), we have 9^ = S{9fp) by the spectral decomposition [1 . Con- 
sequently (/ — S{f),9^) = for all pseudo-Eisenstein series 9^. Then 
by the density theorem Theorem 11.1.12 of 26j we get the required iden- 
tity. In our applications, we use a slightly different re- arrangement of the 
terms of S{f) as suggested by the definition of I{S, f, x, y) on page 930 
of p. 

Let / be a smooth function on G(A), and suppose that / is right 
invariant under a compact-open subgroup K of G(Aj). Define a function 
on G(Q)\G(A) by 

F{g):= J2 fi^9)- 

7eG(Q) 

Suppose that / is such that the function F is convergent for all g, is 
smooth and bounded. By Lemma 4.1 of [1 , given m, there is an n and 
functions /i G C™(G(M))^« and /a G C^{G(Rj)^^ such that A" * + 
is the delta distribution at the identity of G(]R). Here A is an appropriate 
element of the enveloping algebra chosen as in the proof of Lemma 4.1 
of This implies that after taking the finite places into account, we 
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can find functions 771,772 of compact support on G(A), witli appropriate 
differentiability at the ardiimedean place, such that 

(3.24) i?(A" * r]i + r]2)F = F, 
where R is the right regular convolution action. We get 

(3.25) i?(r?i) A'^F + R{r}2)F = F. 
Consider the following modified spectral expansion 
(3.26) 

5'(F,x) = ^^n(A)-^ 



xex p 



/ / \ Yl E{x,<P)E{y,cP)]F{y)dydn. 

Ju(M) Jg(Q)\G(A) \ , _^ / 



I(M) ^G(Q)\G(A) \^^Bp{n) 

We get 

s'{F,x)=j2J2''(^y' 



xex p 



V E(x,(l>)E(y,(l>)\F(y)dyd7r 

n(M) JG(Q)\G(A) y^^SpinU J 

n JmM) JGm\G(A) \ 



{R{'n^)/^^'F{y) + R{'n2)F{y))dydn. 
Consequently, 5"(F, x) will be the sum of the following two series 

s,{F,x) = Y,Y.<'^)~' I I I E E{x,4>m^M!^M^) 

p Jn(M) Jg(Q)\g(a) y^eBpW. 

A"F(7/) dydi: 

and 

S,{F,x) = YYn{Ar' f f I Yl E{xA)E{y,Ip{n,fi2)<P) 

xex p ^n(M) Jg(Q)\g(A) \^eB,{n)^ 

F{y) dy dn 
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for appropriately chosen compactly supported function fji,fj2. By Lemma 
4.4 of [Ij, there are A^, tq and a continuous seminorm || ■ on C^o(G(A)) 
such that if r > To and rj is K-finite in C^(G(A)), 



(ivr 



5^ E{x,(j))E{y,Ip{7r,r])(f)) 

is bounded by ||?7||ro ■ il^^H^ • WvW^ ■ Here we have defined the height || ■ || 
on G(A) as in jj, page 918. Since m can be taken to be arbitrarily 
large, all we need to verify in order to get the uniform convergence is the 
convergence of the following integrals 

(3.27) / \fiy)\-\\y\fdy 

^G(A) 

and 

(3.28) [ \A-fiy)\.\\y\fdy. 



JG{A) 

We summarize this discussion: 

Lemma 3.1. Let n, N be as above. Assuming convergence of the integrals 
(ITTTI) and (HT^ we have 

(3.29) F{x) = Si{F,x) + S2{F,x). 

3.3. Truncations. Let T G Og . Let Ao(B, A) be a set of simple roots of 
(B,A), and ciB(T) := minQ,gAo(B,A){"(^)}. We will need those T which 
are sufficiently regular; this means that dB(T) is large. Recall that for 
sufficiently regular T, the Arthur truncation A"^ acts on functions on 
G(Q)\G(A) 0. 

Lemma 3.2. (1) If (j) is locally bounded, then A^cj) is defined every- 
where. 

(2) //0 : G(Q)\G(A) ^€ is locally [} , then we have 

for almost all g. If (p is locally bounded, then the identity holds 
for all g. 

(3) Suppose 01,02 : G(Q)\G(A) C are locally L^. If (pi is of mod- 
erate growth and 02 is rapidly decreasing, then 

/ A^0i(^)02(^) dg= / ^hig) <f)2{g)dg. 

JG(Q)\G(A) JG(Q)\G(A) 
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Observe that the lemma imphes that if 0i, 02 are as above, then 

(3.30) / A:^M9)M9)dg= [ A'^Mg) M9)dg. 

Jg(Q)\G(A) JG((Q)\G{A) 

Given P, and tt G n(Mp(A)) and A G iap we define an operator 

(3.31) Ql^{P,X):n',in)x^n'Mx 
by setting 

(3.32) (^]5^(P,A)7^,7^') = / A^E(x, 0, A)A^E(x, 0', A) dx, 

iG(Q)\G(A)i 

for each pair of vectors 0, 0' G 7"^° (7r)x. 

Next let Kq be a subgroup of finite index in Kf. Suppose that W is a 
finite dimensional representation of Kqo. Given P D B, tt G P(Mp(A)^), 
let 7ip(vr)^° be the space of Ko-invariant functions in 7-^p(7r)x, and let 
Hpiir)^'"^ be the subspace of functions in 7ip(vr)^° which transform un- 
der Koo according to W. If a linear operator A on Hp{'7i)x leaves any 
of these subspaces 'Hp{n)^, with □ = Kq or □ = Kq, IV, invariant, we 
denote by the restriction of A to the appropriate subspace. Choose 
the differential operator A as in the proof of Lemma 4.1 of pp. Then 
A acts on Hp{7i)x through each of the representations Jp(7r^), and we 
denote the action by Jp(7r^,A). This action leaves the two subspaces 
mentioned above invariant. For ( G iap, the action of /p(7r^. A) is via a 
scalar greater than 1. 

Lemma 3.3 (Arthur [2j). There exist integers Cq, do, andm such that for 
any subgroup Kq C of finite index, and any T G iOg with deiT) > Cq, 
the expression 
(3.33) 

EE E I J|^^L(P.C)Ko./p(vrc,A-)-i|KrfC 

XeX P 7rgn(Mp(A)i) Jia^/tal 

is hounded by Cko(1 + ||T||)'^°. Here Ckq is a constant which depends only 
on Kq, and || ■ ||i is the trace class norm. 

3.4. A bound for Eisenstein series. We recall a bound for Eisenstein 
series embedded in the proof of Proposition 2 of fl^. Fix a large compact 
set C of G(A) and a small compact open subgroup K of G(Aj), and let 
/ be a sufficiently differentiable function with support in C. 
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Lemma 3.4. Fix a compact set C in G(A). There are constants c,N>0 
depending only on the support of f such that for sufficiently regular T we 
have 



(3.34) \E{g,I{f,nx)^,X)\ < c||(7n|/||oo • || E(-, ^, A)||l2(g(q)\g(a)). 



This lemma combined with Lemma [3. 31 together with Lemma 4.1 of |T] 
imphes the following result. 

Proposition 3.5. For (f) E Bp{7r)x let A((f)) be defined 6y A-0 = A(0) -0. 
Then there is an I > such that 



is convergent. The outermost summation is only over those classes for 
which A(0) 7^ are fixed by Kq. 

4. Spherical functions and bounds for matrix coefficients 

4.1. Spherical functions. Let vr be an infinite-dimensional automor- 
phic representation of G, and suppose is a right K-finite automorphic 
form in the space of vr. Here K = Yly Define a function M{(f),g) on 
G(A) by 



If vr has no K-invariant vectors, then the above integral is zero, and we 
may assume that is right K invariant. Let V,r be a vector space on 
which G(A) acts via a representation which is isomorphic to the space of 
K-finite vectors. Let j : — H^^ be the intertwining map. We have used 
the same notation for a representation and its underlying representations 
space. By a standard result of Jacquet, Langlands, and Flath, we have 



Since is right K-finite, it is in the image of j. Let w = j ^(0). Then 



(3.35) 





V. = (g)V 



V 
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Set S = Sp- We know that for v ^ S we have dimV^^'j, = 1. Fix a 
non-zero element in each of these spaces. This means then 

w = i^v^sev) ® ws, 

where 

Ws e 

Next we examine M(0, g) . Define a functional A on V^r by 

Jk 

(for u e V^). Then it is easily seen that 

Ae(g)v:^,;®V*. 

Here = <S>v&s^-^,v: is the dual space and V^r is the smooth dual 
of the local representation V^r. Since the smooth dual of an admissible 
representation is admissible, it follows that dimVj^"^ = 1. For each v ^ S 
choose an element ^„ in this space in such a way that ^vi^v) = 1- This 
then means that, as in the case of w = we have 

A = {(S)v(^s^v) O As, 

with Xs in the obvious space. Combining this identity with the similar 
identity for w we obtain 



This implies that 



>^siws) = / j{w){K)dK 

Jk 

= / j{w){K)dK. 

Jks 



Here K"^ = Ylves Consider an embedding rj : G(A5) — > G(A) given 

by 

(1,1,...,!,^). 
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Obviously, 

Yo\{K')M{(P,g) = X{7r{g)w) 

= Y{ '^v,n{9v) ■ (f>{Kr]{gs)) dn, 

where ^v,tt{9v) = ivij^v{.9v)^v) is the normahzed local spherical function. 

Corollary 4.1. IfK = is such that for each local place v, includ- 

ing the archimedean places, the local compact subgroups satisfy the 
hypotheses I and II of jHS], then 



(4.1) M{(P,g) = ^{e)l[^,,M 

V 

if each n has a K^j-fixed vector; otherwise it is zero. 

We note that local Ky satisfying I and II of [SS] exist by [TH], for 
archimedean places, and jTUlEHlllDl; for non-archimedean places. 

4.2. Bounds on Matrix Coefficients. In this section we recall an im- 
portant result of H. Oh that is used in estimates leading to the proof of 
the spectral expansion ()3.22|) . 

Let khe a non-archimedean local field of char(A;) ^ 2, and residual de- 
gree q. Let H be the group of fc-rational points of a connected reductive 
split or quasi-split group with H/Z(H) almost fc-simple. Let S be a maxi- 
mal fc-split torus, B a minimal parabolic subgroup of H containing S and 
K a good maximal compact subgroup of H with Cartan decomposition 
G = KS(A;)"''K. Let $ be the set of non-multipliable roots of the relative 
root system $(H,S), and the set of positive roots in $. A subset 
S of is called a strongly orthogonal system of $ if any two distinct 
elements a and a' of S are strongly orthogonal, that is, neither of a ± a' 
belongs to $. Define a bi-K- invariant function ^5 on H as follows: first 
set 



then 



2 



(log \a(q)\)(q - 1) + (q + 1) 
q + l 
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Theorem 4.2 Theorem 1.1). Assume that the semi-simple k-rank 

of H is at least 2 and let S be a strongly orthogonal system of ^. Then 
for any unitary representation g of H without an invariant vector and 
with K-finite unit vectors v and v' , one has 

\{Q{g)v.v')\ < (dim(Kz/)dim(Kz/'))^ -^5(^7), 

for any G H. 



CoroUary 4.3. Let v ^ 5*^. Let ip^ be the normalized spherical function 
associated with an infinite dimensional unramified principal series rep- 
resentation ofG{Fv). Suppose that the semi-simple rank of G{F^) is at 
least 2. Then for each G A{G{Fy), S^(Ft,)) we have 

Proof. Fix d. By definition, a singleton is a strongly orthogonal set. Set 

= {^}. 

Then 
and 

Csj,{^{^v)) = qv ' 

Since u and u' that define the spherical function are K„-invariant, this 
equation combined with Theorem 14.21 implies 

ivW 2q^ 



< 



q 



gi, + 1 

< 2qv 



2 



which gives the claim. □ 

We also need a similar bound on spherical functions when the semi- 
simple rank is equal to one. In this case, local considerations do not 
suffice, as the trivial representation may not be isolated in the unitary 
dual of the local group. However, for our purposes it will suffice to 
obtain a bound for a restricted class of representations. Let vr be an 
infinite-dimensional unitary irreducible automorphic representation of G. 
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Suppose TT = ®t,7rt,. Extending Sp if necessary, we may assume that for 
V ^ Sp, TTy is an unramified representation. 

Proposition 4.4. For all v ^ Sp, the representation tc^ is infinite- 
dimensional. 

Proof. Realize vr on a Hilbert subspace V of L^(G(-F)\G(A)). Denote by 
V°° the subspace of V consisting of all vectors v such that: 

• u is Kj-finite, and 

• for all archimedean places v, the map G{Fy) V given hj g ^ 
■K{g)u is 

It is standard that V°° is G(A)-stable, and dense in V (with respect to 
the L^-topology). The image of V°° in consists of smooth functions. 
Suppose that for some v ^ Sp the representation vr^ is not infinite- 
dimensional. Since this representation is admissible, it must be one- 
dimensional. Concretely, if we pick an element if G V°°, we have 

Here Xv '■ G{Fy) is a one-dimensional representation of G{Fy). 

Next, by Satz 6.1. of |211 we know that the commutator subgroup G'(A) 
of G(A) is contained in the closure of G(F)G(F„). As G'(A) has no non- 
trivial one-dimensional representations, we conclude that for all G 
we have 

(4.2) ^ig')=^ie), 

for all g' G G'(A). Since the subspace V°° is G (A) -invariant, ()4.2p must 
hold for all right translates of (p by elements of G(A). Hence 

ifixg) = ip{g), X G G'(A), ^ G G(A). 

Since G'(A) is a normal subgroup of G(A), it follows that we must also 
have 

if{gx) = !f{g), X G G'(A),^ G G(A), 

i.e., every element of V°° is invariant under the restriction of the rep- 
resentation TT to the subgroup G'(A). This implies that the represen- 
tation TT on V°° factors through G(A)/G'(A), which is an abelian group. 
Since irreducible admissible representations of abelian groups are all one- 
dimensional, the space must be one-dimensional. Finally, use the fact 
that V°° is dense in V to conclude that V is also one-dimensional. □ 
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Theorem 4.5. There is an absolute constant c > with the following 
property. Let vr = ®t,7rt, be an infinite- dimensional irreducible automor- 
phic representation of G; for G = PGL2 assume that vr is not the auto- 
morphic representation associated with an Eisenstein series induced from 
a Borel subgroup. Let v be a place with v ^ Sp, and (p^ the normalized 
spherical function of^y. Then for all a G A{G{Fy),Sy{Fy)) we have 

Proof. According to the result of Corollary 14 ■3[ we recognize two cases: 

The case where s.s. rank is equal to one. In this case, G is a form of 
PGL2 or PGU3. For the case of PGL2, if G is not split, then it has to 
be a quaternion algebra, and in this case by the Jacquet-Langlands cor- 
respondence, there is an irreducible cuspidal automorphic representation 
n' of GL2, such that for all v ^ S, we have tt^ = tt^ as representations 
of GL2{Fy). Since the local representation obtained this way is unram- 
ified, there must exist a pair of unramified quasi-characters x ^^id x' of 
such that 7r(, = 7r(x, x')- Since this representation has trivial central 
character, we must have x' = X~^- this case, if a is the unique positive 
root, we have 

Next if X 7^ 1 7 by the formula of Casselman we have 

^]=-r——^{—, J —^x{^v) + — J r^X 

V ^vj 1 + g 1 1 - xi^v) ^ 1 - xi^vr 



ZUy] "'"1 



q 2 



1 



1 + q ^ 

The same formula holds for x = 1 by analytic continuation. Since x is an 
unramified character, we have x = I ■ l^j for some complex number s. We 
now need some non-trivial estimate towards the Ramanujan conjecture. 
For example, by a recent result of Kim and Shahidi (i23j), we know that 



This implies that 



Wy 



1 + g ^ 
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When G = PGL2 and tt is cuspidal, the result follows from the same 
result of Kim and Shahidi. Next, let G be an inner form of the quasi- 
split group G' = PGU(2,1). Suppose that G' splits over a quadratic 
extension E/F. By Rogawski's theorem there is an automorphic 
cuspidal representation vr' = ®t,7r(, of PGU(2, 1) such that for all v ^ S, 
7iv = 7i'^ as representations of G'(F„). Consider the base change of tt' from 
PGU(2, to PGL3/E, again established by Rogawski. At this point, 
use the result of Oh on PGL3. Notice that this is sufficient as the groups 
considered above at the only groups that are of rank one at infinitely 
many places. 

The case where the s.s. rank is larger than one. By Proposition \4A\ 
TTy is not one-dimensional (for v ^ Sp), and the assertion follows from 
Corollary |01 □ 

Part 2. Geometry and height functions 

5. Geometry 

In this section we recall the constructions and basic geometric proper- 
ties of wonderful compactifications. 

5.1. Flag varieties. An important class of varieties, homogeneous for 
the action of G is the class of generahzed fiag varieties 

Yi := P/\G. 

The geometry of these, and their subvarieties (for example, Schubert 
varieties) plays an important role in different branches of algebra, e.g., 
representation theory and enumerative geometry. 

We now recall some basic facts about these varieties. For A G X*{T^'^) 
we can define a line bundle Lx on B*'^\G''^ = B\G by 

G^^xG„/~, with {g,a)^{gb,X-\b)a), 

g G G'^'^, b G B''^ and a G Gq. The canonical projection 

TT : La ^ B\G 

is given by 

7T{g,a) = Bg. 
This gives an identification of 

Pic(y) = X*(T""). 
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Under this identification, the (closures of the) ample and the effective 
cones of Y correspond to the positive Weyl chamber, that is, the set of 
nonnegative linear combinations of tUj. The anticanonical class is given 
by 

-Ky = 2p. 

5.2. Wonderful compactifications. 

First we work over an algebraically closed field of characteristic zero. 

Proposition 5.1. There exists a canonical compactification of 

a connected adjoint group G: a smooth projective variety X such that 

• G <Z X is a Zariski open subvariety and the action of G x G on 
G, by 

{9u92){9) = 91992 ^, 
extends to an action of G x G on X; 

• The boundary X\G is a union of strict normal crossings divisors 
Di (for i = 1, t). For every I C [1, r] the subvariety Dj = 
HifziDi is a G X G-orbit closure. All G x G-orbit closures are 
obtained this way; 

• X contains a unique closed G x G-orbit Y = G/B x G/B; 

• The components Dj are isomorphic to fibrations over G/P/ x G/P/ 
with fibers canonical compactifications of the adjoint form of the 
associated Levi groups. 

We review several constructions of wonderful compactifications over 
algebraically closed fields (of characteristic 0), throughout G is semi- 
simple adjoint: 

Via Hilbert schemes: Let P C G be a parabolic subgroup and 
Y = G/P the associated flag variety. Then X is the G x G-orbit closure 
of the diagonal of the Hilbert scheme of Y x Y (see ^T] ) . 

Via representations: Let A be a regular dominant weight of G and 
V\ the irreducible representation of G with highest weight A. We have 
an action of G x G on 

EndiVx) = Vx^V^. 

Taking the closure of the orbit through (the image of) the identity in 
P(End(VA)) we obtain the canonical compactification X. 
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Via Lie algebras: Let q = Lie(G) and n = dim(G) = dim(0). The 

variety L of Lie subalgebras of the Lie algebra © g can be regarded 
as a subvariety of the Grassmannian Gr(?T,, 2n). It contains g, embedded 
diagonally. Moreover, L is a projective G x G-variety. Taking the closure 
of the G X G-orbit X° through g we obtain X C L. Since G is an adjoint 
group, the adjoint representation of G on G x G is faithful and we may 
identify X° with the variety G, or more precisely G x G/Diag(G). 

We proceed to describe the boundary X\G in the latter representation. 
Let P = P/ (with / C [1, . . . , r]) be a standard parabolic subgroup of G. 
Choose a Levi decomposition P = M ■ U. Let £p be the set of pairs 

{m + u,m + u'), with m G Lie(M), m, -u' G Lie(U). 

Then Hp is a subalgebra of g©g. Next let C = {P} denote the conjugacy 
class of parabolic subgroups of G containing P. We note that the G x G- 
orbit of £p in L does not depend on the particular choice of M in the 
Levi decomposition of P; in fact, it depends only on the class {P}. We 
denote this orbit by Dq- When P is maximal, the orbit Dc is a smooth 
irreducible divisor in X. Moreover, 

X\G = |J^c , 

c 

the union over classes of maximal parabolics. As the classes C of maximal 
parabolics in G are in bijection with the simple roots a of T, we may write 
then 

Dc = A, 

if C is the maximal parabolic that corresponds to ttj. 

For w G W we denote by X(w) the closure of BwB C G in X. The B x B 
- stable boundary components Di correspond to X(swoSj). Every line 
bundle L on X restricts to the unique closed G x G-orbit Y = G/BxG/B; 
we get a restriction map Pic(X) — > Pic(y). Recall, that in Section 
we have identified the Picard group of G/B with X*(T*^). 

Proposition 5.2. Let X be the canonical compactification ofG as above. 

• The image c»/Pic(X) ^ Pic(y) consists of classes 

L{X) = (A, -wqA) C Pic(F) = Pic(G/B) x Pic(G/B); 

• The (closed) cone of effective divisors is given by 

Aeff(X) := ©,LiM>o[A]. 
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More precisely, if \ E X(T*'^) is a dominant weight then the line 
bundle L{X) on X has a unique (up to scalars) global section fx 
with divisor 

r 

div(/,)=5^(A,OA. 

1=1 

Moreover, fx is an eigenvector o/B*^x B'^'^ with weight (— WqA, A). 

• The anticanonical class is given by 

r 

-Kx = L{2p + Y,0l^). 

1=1 

Proof. See [H] and [12]. □ 

Let L be a line bundle on X. Then L admits a G- linearization - 
there exists a G*'^ x G^'^-action on vr : L — > X such that for ((71, (72) G 

T^iigi, 92) ° I) = {91,92) oTr{l) , 

where g is the image of (7 G G*'^ in G. We have a representation p = pi 
of G'''^ X G"*^ on the space of global sections H°{X, L). 

Theorem 5.3. Let A G X*(T*^) and L{X) be the associated line bundle 
on X. Let px be the representation of G^'^ x G*^ on H^{X, L{X)). Then: 

• The representation px decomposes with multiplicity one; 

• Let 7 be the dominant weight on T*'^ (relative to B*^j. Let be the 
associated irreducible representation of G*"^ and rj^ the irreducible 
representation of G*^ x G'*'^ defined by 

— ^-r ^ ^-y ■ 

Then each irreducible component of px is of the form rj-y for some 
dominant weight 7 o/T*^. Moreover, if rj^ appears in px, then 7 
has the form 

r 

7 = A - ^UiXi , 

1=1 

with rii G Z>o, for all i = 1, r. 

• In particular, the restriction of px to G^'^ x {1} is a sum, with 
multiplicity, of 's with 7 as above. 
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We now return to the case of nonspht G and discuss the canonical 
F-structure on the wonderful compactification X of G as well as the 
corresponding Galois action on the boundary divisors D^, for a e A. 

A summary can be given as follows: in the Lie algebra model, the 
Galois group F operates on Gr(n, 2n) in an obvious way and preserves L 
and X°. Hence F operates on X. Since F acts on the parabolic subgroups 
of G, it also permutes the boundary divisors 

Here if C = {P}, then a(C) = {a(P)}. 

The F-group G' is defined by a homomorphism 

^ : F ^ Out(G'»') , 

to the group of outer automorphisms relative to the pair [B^p,T'^p) and 
gsp^ -psp cJiosen as above and both defined over F. We have then an 
action of F on A. Moreover, 

a{Da) = -Da(a) for a e A . 

Finally, since G is obtained G' by inner twisting, the two actions of F 
on the classes of maximal parabolics in G{E) and G'{E) coincide. 

In detail, let A = Yl[=i ^^'^ be the corresponding representation 
with highest weight A. We first regard V\ as a module for G'. As such, it 
is defined over F, since A e X.*{T')f (the action of F on X*{V) = X*{T) 
via 9 simply permutes the cui). Let L2X be the corresponding line bundle 
on B'\G'. Then W := H^{B'\G' , L2x) has an F-structure Wp- Denote 
P = P\ the absolute representation of G on W. By the Borel-Weil 
theorem, we may identify V2A with Wp ®f F, this gives an action of F 
on V2x: 

a{w (S> a) — w <^ cr(o), for w £ Wf, a & F. 

We have the twisted action a = c{a) • cr of F on G(F), the corresponding 
twisted action on VF (g) VF* is given by 

a ■ w — p <S> p*{c{a), c{a)) ■ a. 

If we identify End(l^) — W(S> W* we see that this action is 

(5.1) aiA) = p{c{a))a{A)picia)r\ 



40 JOSEPH SHALIKA, RAMIN TAKLOO-BIGHASH, AND YURI TSCHINKEL 

Let cw G End(iy) be the identity. Since W is defined over F, a{ew) = 
ew and similarly, a{ew)Gw Thus ew is rational for the twisted action. 

Remark 5.4. The representation p is actually a representation of G'^'^. 
However, p is irreducible and therefore maps Z^'^ to scalars. It follows 
that ()5.1|) is well-defined. 

We use the twisted action to define an F-structure on End(Vr). We 
claim then that the map 

G3 gh^ p{g) ■ ew = pig) 

is F-rational. Consider 

p{c{a)a{g))ew =pic{a)a{g)c{(ry^)ew 

=p{c{a))p{a{g))ewp{c{(T))-^ 
=p{c{a))a{p{g)ew)p{c{a)r\ 
The latter equality holds since ew is -F-rational. Thus 

p{c{a)a{g))ew = a{p{g)ew)- 

which proves the assertion. 

For g & G, let p{g) be the image of p{g) in P(iy). Then 

p : G ^ P(End(Vr)) 

is also F-rational (equivalently, p is F-equivariant for the twisted action). 
Thus p(G) and its closure X in P(End(iy)) are F-stable. This gives a 
canonical F-structure for the variety X and on 

F := fl Do., 

(the G X G-orbit through the image of V2x ® in P(End(VF)), where 
V2\ is "the" highest weight in V2A, see 5.1 of ^H])- Moreover, we have an 
equivariant isomorphism of F-varieties 

r ~ G/B X G/B-. 

Indeed, the F-irreducible boundary components Da of X \ G are per- 
muted by F. Each component Da is G x G-stable and in particular stable 
for the action of the diagonal Diag(G): 

p{g)Ap-\g). 

From (jS.ip we have 

a{Da) = a{Da). 
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Thus Y is invariant for the standard action. 

We now prove that the G x G-action on X is F-rational for the twisted 
F-structure. For this we need to see that for x G X, 

^ii9i,92))x = a{gi,g2)a{x). 

In fact, this holds for all y G P(End(Vr)). We have to show that 

aipigi)Ap{g2)-') = p(a((?i))a(A)p(a((72)"'). 

The left side is 

p{c{a))a{p{g,)Ap{92)-')p{c{cr)r\ 

and the right side 

p(c(a))p(a(^7i))p(c(a))-VM(^)p(c(^))-V(cM)p(^(^?2))-V(cM)-' = 

p{c{a))piaig^))aiA)p{a{g,))-'p{c{a)r\ 
The assertion follows, since a and p{g), (? G G, commute. 

The restriction of line bundles to the unique closed G x G-orbit Y 
induces an injection 

(5.2) Pic(X) ^ Pic(y). 

Note that since each divisor is G x G-stable, the two actions of F on 
X give rise to the same action on Pic(X). Moreover, since Y is defined 
over F, the injection ()5.2j) is F-equivariant. Here 

Pic(F) ~ X(r) © X{T') 

as F-modules. The image of Pic(X) is exactly the set of pairs (A, — A), 
where A G X*(T'), with boundary divisors Da corresponding to (a, —a). 
The F-irreducible boundary components are divisors 

for any F-stable subset J C A(G',T'). 

6. Heights 

6.1. Metrizations. Here we recall the definitions of (adelically) metrized 
line bundles and the associated heights. 

Definition 6.1. Let X be a smooth projective algebraic variety over a 
number field F . A smooth adelic metrization of a line bundle L on X is 
a family of f-adic norms || ■ ||„ on L ®f for all v G Val(F) such that 
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• for f G 5*00 one has || • is C°°; 

• for w ^ Soo the norm of any focal section of L is focally constant 
in v-adic topofogy; 

• there exist a finite set S C Val(F), a flat projective scheme (an 
integral model) X over Spec((95) with generic fiber X together 
with a line bundle C on X such that for all v ^ S the w-adic 
metric is given by the integral model. 

Example 6.2. If L is generated by global sections (Sj) and s is a section 
such that s{x) ^ then 

||s(x)||„ := max(|-(x)|^)"^ 
I s 

This defines a T;-adic metric on L, which, of course, depends on the choice 
of the basis (Sj). An adelic metric on L is a collection of f-adic metrics 
(for all v) such that there exists an F-rational basis (Sj) of H^{X, L) with 
the property that for all but finitely many v the v-adic metric on L is 
defined by means of this basis. 

An adelically metrized line bundle £ induces local and global heights: 
for any local section s of L and any x with s{x) ^ define 

H,,cA^) = \\s{x)\\-\ 

For X e X{F) the product formula ensures that the global height 

Hc{x)= H H,,cM 

is independent of the choice of s. We write £ = (L, || ■ ||) when we want 
to emphasize that L e Pic(X) is adehcally metrized. 

Let F be a number field and V a finite-dimensional vector space over 
F. Thus V is the set of F-rational points V{F) of a hnear variety V 
defined over F. For v G Val(F) we set K '.— V^pF^- 

Suppose first that v is non-archimedean. Let A^ be an Oy lattice in 
Vy. We define the norm 

on Vy (associated to A^) as follows. Let n — dim V and let 
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be an C^-module basis of A^. Let v G K have the form 

n 

We set 

l<j<n 

We see at once that || • ||a^ depends only on and not on the particular 
choice of a basis of B^. 

Now suppose that v is archimedean and let 

■= {^i \ ■ ■ ■ tCv 

be a basis of the F„- vector space V^. For 

n 

we set 

l<i<n 

(for V complex, we set \z\l — z ■ z). 

6.2. Heights on the canonical compactification. First we describe 
the situation for G^*'. Recall that the (classes of) irreducible boundary 
components Da, a G A = A(G*^,T''^), generate Pic(X). Each divisor 
class [Da] has a unique G*^ x G^^-stable representative - namely this 
component. We put La — Ox (Da). This gives us a canonical splitting 
of the projection 

Div(X) ^ Pic(X), 

which allows us to identify Pic(X) with the set of all integral linear 
combinations 

L — SaLai 
aeA 

and Pic(X)c with formal sums ^aeA ^aLa- 

We fix an integral model on the line bundle La, for aeA. If £^ 
is another model then the induced integral structures on jCa,v, resp. 
coincide for almost all v. An integral model defines a height function 

Ha = Hc„ : X{F) R>o 
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as in Section inm Given an L = J2aeA ^aLa, with Sa G C, we may define 
a height 

Hl : X{F) -> C 

We make the above construction more precise and exphcit, by defining 
local heights 

Ha,v '■ G(Ft,) M>o, for all a. 

For each La we fix the (unique, up to scalars) F-rational global section 
Sa G H^{X, La), which is G'^^ x G*^-invariant and non- vanishing on C^. 
Using the integral structure, put, for G G*^(F„) and a G A, 

Ha,v{gi) ■= ha{gv)\\v'^ and Ha := 



Proposition 6.3. There is a lattice A in some representation ofG'^^ with 
the following property: Let Kj be the stabilizer of Af in G^^{Af). Then 
for almost all finite v G Val(F) and for every 

L = UaLa G Pic(X), with ria >0 

we have 

HL,v{ki9k2) = Hl,v{9), for all g G G(F^), fci, fca G K„. 

Proof. If suffices to consider L = Lx, for regular dominant weights A. 
We may assume that the action of x G*^ on L is defined over F 
(passing to a multiple of L, see j2Zl, Section 3, Prop. 1.5). Fix a lattice 
A C H^{X, L)p, it defines an Oir-integral structure on L. □ 

6.3. Local heights. Let L = be a very ample F-rational line bundle 
on X and fix a lattice A C H^{X,L). Over the (fixed) splitting field 
E, there is a distinguished s G H^{X,L) which is x G^'^-invariant 
and non- vanishing on G{E). Moreover, s can be written as a product of 
sections Sq, G H^{X, La), a G A, with support in the iJ-rational divisor 
in Da- Thus, for crGr = r£;/i?we have 

cr(s) = c((t) ■ s 

for some c{a) G . By Hilbert's theorem 90, we may assume, after 
replacing s by a suitable multiple, that s is fixed by F, i.e., s is F-rational. 
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We have an 0£;-integral structure on L over E, induced from A^OfOe- 
Over E, we have a decomposition 

H\X,Lx) = (B^{V^(»V;), 

as G^^ X G '''^-modules. Here the sum is over dominant 7 of the form 
7 = A — JZaeA^ady with nia > 0. The following lemma is used to 
calculate the local height integrals. 

Lemma 6.4. One may choose Sp large enough, so that for v ^ Sp, if 
gy = kytyk'^ With ky G K^, and ty G S(Ft,)"'', then 

Hv{gv) = \xx{tv)\w 

Here x\ is the rational character of J associated with the dominant weight 
A. 

Proof. After replacing L\ by a positive integral multiple we can assume 
that A is trivial on the center of G'^'^. In particular, Xxi^v) ^ F,'^ ■ Since 
L;v is G X G-linearizable, we have an F-rational representation ^ of G x G 
on H^{X, Lx). Then for g^ G G(-F^) we have 

Hv{9v) = ||^(^.)||a„ 

where A^ = A i^Of ^v- 

Let A^; C H^{X,L)e = Vb be an "admissible" lattice, i.e., A^; is 
homogeneous with respect to the decomposition of \^ = (B-yV^ into weight 
spaces. More precisely, the representation of G'^^ x G'^^ on V has a Z-form 
on Ag with A^ a homogeneous lattice in Vq. We set A^^ := Ki®iOe 
and Kof '■= ^Oe ^ ^f- Let Q be the group scheme structure on the 
double stabilizer of Kqf and K^, = QiO^), = Q{Ow). We choose Sp 
so that for all v ^ Sp and w \ v 

We choose | ■ |^ so that its restriction to coincides with | ■ |^. Then the 
restriction of || ■ ||a„ to K is || ■ ||a„ and, for g G G(Ft,) 

Hv{gv) = ||^(^.)||a„. 
Write, according to Corollarv 11.31 

with Xy G G'(F^), a^i G G{Ow) = Then 

Hv{gv) = \\0{a^)g{xy)Q{a^)~^\\A^ = il^'(a;^)||A„ 
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We set next 

K: := K^,nG'(F,). 

Recall that G(F^) C G(^^),G'(F^) C G{E^). By Bruhat-Tits theory, we 
have 

G'(F,) = k;s'(f,)+k;. 

Write accordingly, — kit„k2, with ki,k2 e K^, e S'(Fi,)''". Then 

Hv{gv) = \\Q{tv)\\A^- 

Next choose a basis B = {v^} of consisting of weight vectors for T^^. 
Thus 

Hy{gy) = max\ij,{ty)\^ 

Each n has the form 

l^ = Xx - n 

with nia e N. Since ty e S(,(F„)"'", we have |Q;(tu)|«, = |Q;(tu)|^ > 1- Hence 
finally 

(6.1) Hy{gy) = \xx{tv)\v 

□ 



6.4. Local integrals representing heights. Let D be a central simple 

algebra of rank m over the number field F. Also let A be an arbitrary 
lattice in D. We set, for each place v, = D F^, and if v is non- 
archimedean, A„ = A Oy. In this subsection, we define a family 
of norms || • ||a^ on D„, one for each place v of F, subject to a certain 
compatibility condition. 

• non-archimedean v: Choose a basis {^l, . . . , ^1} for D^, with G 
A^, = A <S)o for all i. For g e D^, write g — Ci{g)Ci 

WaWv = Wgh. ■= .max {|q(^)|4. 

1=1,. ...k 

It is easy to see that this norm is right and left A^ -invariant and 
therefore independent of the choice of the basis. 

• archimedean v: Fix a Banach space norm || • ||^ = || • ||d„ on the 
finite dimensional real (or complex) vector space = D (S)f Fy. 
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1 1 ^9 \ \v \^\v ' WdWv- 

Consequently, for c e F and g & D, we have 



(6.2) nii^^ii-=n 



\9\\v: 



by the product formula. This is the compatibility condition mentioned 
above. Define a function as follows: 



characteristic function of A^, for v ^ 6*00, 
exp(-7r|| • 11^) for v e Soo- 



Lemma 6.5. For all v e Val(F), all e and all s with 3?(s) > 
one has 

/ ^y{agy)\a\'d''a = Cf,«(s) • \\gv\\~'- 

Here Cf,v{s) is the v-local Euler factor of the zeta function of F. 
For e C~(D„) and 3?(s) > we set 

Jf,^ 

where g e D„. For g — £ D(A) define the global height function: 
H{g)= n HM= n 11^-11- 

i)GVal(F) vGVal(F) 

Similarly, if $ = is a global Schwartz- Bruhat function on D(A), we 

define 

H{s,g]^)= JJ Hy{s,gy]^y). 

i;GVal(F) 

We extend the functional H{s,g;-) to C^(D(A)) by hncarity. By the 

product formula, both H{g) and H{s,g;^), (for $ e C;?°(D(A))) are 
well-defined on the projective group of D. 
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6.5. Complexified height function. 

Notation 6.6. Let T be the set of all Galois invariant s = (sa)aGA(G',T') 
(c.f. 12.91 for the definition of Galois invariance). The element e T is 
defined by setting all coordinates equal to zero. For e G M, the set 7^ 
is the set of s = {sa)a G such that 3?(sq) > + 1 + e, for all a. 
Starting with an element s = {sa)aGA{G',T) and v ^ S, we obtain a tuple 
s'' = (s^) indexed by A(G'(F^), S;(F^)) by setting = s^, this is 

well-defined. For s, t G T and v ^ S, we set 

< S, t ^ ^ ^'d^-ff- 

When there is no danger of confusion, we write s for s''. For each subset 
R of C, we set T{R) to be the collection of s = {sa)a with Sq, G i? for all 
a. 

We go back to Lemma For v ^ Sp, we have expressed H^{g) in 
terms of x\ ^ X*(T). Write 

XX = n 

Q:eA(G',T') 

and A = X]agA(G t) ^aO^, G N. We know that {na)aeA{G',T) £ Now, 
let s := (sa) aeA{G',T') ^ T- Supposc V ^ 5*^, and G G'(F^) is written 
as kvtyk'^ with ty G S^(Ft,)+ and ky,k'^ G K^. We define 

(6.3) H,{s,g,)= n HQ\T. 

aeA(G',T') 

Observe that 

(6.4) Hyis,gy)= n 

tfGA(G'(F„),S;(F,)) 

If we use Lemma [O] to identify the groups G(F^) and G'{Fy), we get a 
complexified local height function on G{Fy). Let S = Sp and suppose 
5' = igv)vis G G(A5). We define 



(6.5) 



Hs{s,g) ■■= Y[H^{s,gy). 
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6.6. Local height integrals I. Consider the integral of the complexified 
local height function 

(6.6) X{s) := I H,{s,g)-Ug 

and its versions. 

Theorem 6.7. (1) For all v ^ 6*00 the integral Jv{s) is a holomor- 
phic function of s for s e Tli. 
(2) Let V be an archimedean valuation and d any element of the uni- 
versal enveloping algebra. Then 

X,a{s) := / d{H{s,g)-')dg 

JG{Fy) 

is holomorphic for s e T_i. 

Proof. We will only prove the first part; the second part is similar. Lo- 
cally, every two local integral structures give rise to essentially equivalent 
height functions; so, we replace the local integral structure so that the 
resulting height function is invariant under K^,, a good maximal com- 
pact subgroup. Let o_ be the vector consisting of the real parts of the 
components of s. The local height integral is majorized by 

^ H{a,tu;)~^vo[ (KtLoK) 
« Yl H{a,t)-'SB{t) 

tGS(F„)+ 

00 

n j2^B(HO)H(^A^i))-' 

i?eA(G(F^),S^(F„)) 1=0 

00 

'&eA{G{Fy),Sy{Fy)) 1=0 

The result is now immediate. □ 

Corollary 6.8. In the non- archimedean situation, for each e > there 
is a constant Cy{e), such that 117^(8)1 < C^(e) for all s G T_i^^. In the 
archimedean situation, for alle > and all d as above, there is a constant 
Cv{d, e) such that 1^^^,9(3)1 < Cy{d, e) for all s e T^i+e- 
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6.7. The integral of the local height function II. Let G be a con- 
nected algebraic group over Fy, v outside a finite set of places, and g 
its Lie algebra of invariant vector fields. Let X be a smooth equivariant 
compactification of G. Denote hy D = X\G the boundary. We assume 
that D is a divisor with strict normal crossings. Let Tx be the tangent 
bundle of X. We have a restriction map 

(6.7) H\X,rx)^Tx,i = 9 

obtained by evaluating a vector field at the neutral element 1 G G. Con- 
versely, given d E g, there is a unique vector field 9^ such that for any 
open subset U of X and for any / G OxiU), d^{f){x) = dgf{g.x)\g=i. 
The map d ^ is a section of the restriction map. Let di, . . . ,dn be 
a basis for g. Then 6 := A ■ ■ ■ A is a global section of the line 
bundle detTx = K]^^. Moreover, 5 does not vanish on G. Because of 
these considerations, if we know that K^^ is ample, Peyre's Tamagawa 
measure restricts to Weil's Tamagawa measure on G(F^). 

If is the local Weil- Tamagawa measure, for v outside of a finite set 
of places, we have 

(6.8) ;..(G(a)) = 

Therefore, we normalize the local measure by the appropriate factor to 
guarantee that /i(G((9t,)) = 1 for almost all v. 
Let A be a subset of A(G, T), we set 

and 



K = Da\{ U Da' 



for Da as defined in 15.21 The following theorem is the analog of Theorem 
9.1. of 113] in this situation, with the same proof (see also Theorem 3.1. 

of [HI). 

Theorem 6.9. We have 

(6.9) / H„(s. g,r da. = ^ E *D''AK) U tj_, - 
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Proof. We split the integral along residue classes modulo py. Let x e 
X(ky), k„ the residue field of Fy, and A = {a\x e -Da}, so that x e D^. 

We can introduce local (etale) coordinates Xa {a & A), and 7/^ {(3 e B) 
with + = dimX around x such that, locally, the divisor 
is defined by the vanishing of Xa- Then the local Tamagawa measure 
identifies with the measure n*^^" ^ H^?//? Pv ^ Pv- ^x denotes 
the fixed measure on G(F^), one has the equality of measures on G(F^) fl 
redr^[x): 
(6.10) 

„dim X „dim X 

dx = f^Hy{p, x)dpiy = 1^ n Qi"-^'^''^''-^ n n ^y^- 

Consequently, 



„dimX 



/ Hy(s,x) ^dx 

= 1 TT g^' - 1 
We have used the identity 

„ CJO 

/ q-'''^^Ux = Y,q-^-Yo\{pl\p-,^') 

•^P" n=l 

n=l ^ ^''^ 



1 (7,-1 

qvql-^'-i' 



□ 



6.8. An application to volumes. We start with the following lemma 
in the non-archimedean situation: 

Lemma 6.10. Let K„ he a he a good maximal compact subgroup of 
(G(F^), S(F^)) so that the Cartan decomposition G = K„S(F^)+QK^ holds. 
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Normalize measures so that vol{Kt;) = 1. Then for all ad G S(Ft,)+fi, we 
have 

(6.11) vol (K^adK^) < 5B(a)- 

As f2 is a finite set, this is an immediate consequence of Lemma 4.1.1 
of ^H|- Below we need more detailed information on the behavior of 
the the above volume in the quasi-split situation. The following lemma 
suffices for our purposes; the analogous statement for simply-connected 
is classical. For split groups, the lemma is contained in ^J\. 

Lemma 6.11. There exists a constant c, independent ofv, such that for 
all t G S(Ft,) + , one has 

vol(MK,) <5B(t)(l + -). 

qv 

Proof. We use Theorem 16. 91 The left hand side of ()6.9|) is obviously equal 
to 

H{s,t)-\o\{K.,tK). 

t&S{F^)+ 

The comparison of this expression with the right hand side of (j6.9|) will 
give an explicit formula for the volume from which our result will easily 
follow. Clearly the right hand side of (j6.9p is equal to 



#D°(,) (k.)(g- l)#^M 
#G(k,) 



(6.12) E ^^^W^ 5B(t)if(s,t)- 

ieS(F„)+ 

Here A{t) = {5 G A(G,S);5(t) = 1}; we will suppress dependence on t 
and simply write A. Comparison gives 

(6.13) vol(MK.) = 5B(t) 

#G(A;„) 

The algebraic set Da is the fiber variety —>■ G/P^ x G/Pa, with 
fibers isomorphic to M^, the wonderful compactification of the adjoint 
group of M^, i.e. modulo its center. Here is the Levi factor of 
the parabolic subgroup P^. Then has fibers modulo its center. 
Consequently, 

(k,) = (g - ly*^ [G{K) : PA(k,)]' ■ #Ma{K). 
If is the unipotent radical of P^, we have 

"^^^#6(1") ^^*^ = ^^^^^^ ■ ^""^^"^^ (*^AiK)r. 
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Let \Na be the Weyl group of the Levi factor M^. By the Bruhat 
decomposition we have 

(6.14) G(k„) = U Pa{K)w {[Ja{K) n w-'[}a{K)w) , 

w6W_4\W/Wa 

where Da the unipotent radical opposite to U^. It follows that 

[G(k.) : PAjK)] _ ^ i^{UA{K)nw-'[]A{K)w) 
■ #UA(k.) ^ , #U^(k,) 

As there is only one double coset of maximal dimension, we have 
[G(k.) : Pa{K)] ^ ^ ^ # (W^\W/W^) 



#UA(kt,) qv 

The lemma is now clear for split groups. In the quasi-split case, we need 
only consider F-stable subsets A. For the complex parameters Sa we have 
the extra assumption that Sa = s^a, for a G F. The proof of the lemma 
in the quasi-split case is similar, and we omit it. □ 

7. Regularization 

In this section, for v ^ Sp, with a (slight) abuse of notation we identify 
G(Fi,) and G'(-F^); this is permissible, in light of Corollarv ll.31 

7.1. Integrals from one-dimensional representations. Let x be a 

one-dimensional automorphic representation of G, and S = Sp- We 
proceed to study analytic properties of the integral 

(7.1) Js{s,x)= [ Hsis,gr'x{g)dg 

for Galois invariant s. 
Theorem 7.1. The product 

(7.2) l\L{so, ^oix))-' [ Hs{s,g)-\ig)dg 



is holomorphic on 71^ for some e > 0. The product is over all Galois 
orbits in A(G', T') . 

Proof. We have 

(7.3) Jsis,x) = llJvis,Xv) 
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where 

(7.4) Jv{s,Xv)= H^{s,g^y^Xv{gv)dgy. 

Since G is of adjoint type, the collection of elements {^{'^v)}^eA{G{Fy),Sv{F^)) 
forms a basis for the semigroup St,(Ft,)+. For any vector a = {aa)a G 
r(N), we set 



(7.5) t„(a)= H ^( 

i9eA(G(F„),Si,(F„)) 



Write 



and 



aer(N) 



bv= Yl '?;^"''^"X.(i.(a))(vol(KX(a)K,)-5(t,(a))), 

aer(N) 

so that, by Cartan Decomposition, we have 
(7.6) Jy{s,Xv) = I + ay + b^. 

Observe that 



oo 

(7.7) = n(E X.(^(^.))'^^?."^'^"'^^^'^^'^'^) 

=n 

^/ 1 - X.('i»(t^.))9."'"""'""" 

With Proposition 12. 101 in mind, we proceed as follows. Let a = {'^{sa))a- 
Observe that in the definition by we may assume a 7^ 0. Since for each 

|a|a^o|= U L-a^j^oV 
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we have 



{yo\ (KX(a)K,) -(5(t,(a))) 

vis 1? a#^0 

« E E E (by SectionE 



v^S S a^T^O 



E^-'E(E^-" 



vis i5 



vis i) 11/3(1 ~ 

< E E ^'^^ < 

We need to show the existence of a C > such that 1 1 + | > C > for 
all V. For this 



I 1 + I > 



y 1 + qv 



.->n->- 



with r = \ A{G'P, T'P)\. In fact, ""^^'''^ < gt. ' < 1. 

Note that for s G 71^ the estimates are uniform, i.e., the quotient 

UvjsMx) 

Uvisi^ + ^'v) 

is holomorphic in 71^. This finishes the proof of the theorem. □ 



7.2. Integrals from infinite-dimensional representations. Let vr = 

^vTTv be an infinite-dimensional automorphic representation of G which 
is not the automorphic representation associated to an Eisenstein series 
when G = PGL2 (this exceptional case was treated in ^^). For v ^ Sp, 
let ipv^T, be the normalized spherical function associated to TTy and set 
S = Sp. 

Theorem 7.2. Let c > be as in Theorem \4-^ The infinite product 
(7.8) Js{s,tt) ■.= Y[ (f^^^{g^)H^{s,g^)-^ dgy 
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is holomorphic for s G 71c. 



Proof. We use the notation of Section mi Set 

(7.9) X{s,7i)= ip^^^{g^)Hy{s,g^)-'^ dg^. 

JG(F,^ 



By Cartan decomposition, 

(7.10) X(s, n) = J2 VvAtvisi))H,{s, t,(a))-Vol(M,(a)K, 



Let 



and 



by = Jv{s,n) - 1 - a^. 

Fix an e < |. We claim that there is a set S' of places of F and a positive 
constant C such that |l + at,| > C for all v ^ 5". Since |l + at,| > 1 — |at,|, 
we only need to show that |at,| is asymptotically bounded away from 1. 
To see this we use the fact that ||v2'i),7r||L°° < 1- Hence for v outside a 
growing finite set S' 

for s G 71^. This implies that one can choose S' such that if v ^ S' and 
s G T-e then |1 + > C, for a constant C that depends only on e. 

Next, we prove that 6„ is absolutely and uniformly convergent on 
Tig. Denote by b{m)y the set of terms such that has exactly m nonzero 
coordinates. We have 



RATIONAL POINTS 57 

Note that 7^ 1, because otherwise the term would appear in a„. This 
imphes that 



■d vis 
< 00, 



for e < 



To continue, we fix an ordering of the elements of A(G(F^), St,(F^)), 
say {t?!, . . . , 'di). Next we verify the claim for ^^>2 l&l'^)!'!, where 

l<ii<i2<...im<l ail ''^ '',i^>0 l^im>0 

Here corresponds to the vector with coordinates Oj. at ij. Next 



a / 



< 



E n 



1 J 



« E n*°'' 

l<il<i2<...jm<' j = l 
l<il<j2<...«m<^ 



Since m > 2 and e < |, the series ^ is convergent, and we are 



m(l— e) 

III ^ ^ aiiu. t ^ 2) ^^^^ sciics / C 

done. 

The holomorphy of (j7.8p follows from the uniform convergence of 

S5 = E |a^(s)| 
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on compact subsets of T, which we now estabhsh. Fix an e' > 0, and 
suppose that s G T_c+e'- Then 

vis ■& 

by Lemma of 16 .81 and Theorem 14.51 Finally, since by definition 
we conclude that 

for some rj > 0. This last inequality completes the proof of the theorem. 

□ 

Corollary 7.3 (of the proof). For all e > and all compacts K C T^c+e 
there exists a constant C (e, K) such that 

|J5(s,vr)| <C(e,i^). 

for all TT as above, and all s E K . 

Corollary 7.4. Let K he as in Corollary \4 1\ Let he an automor- 
phic form in the space of an automorphic representation vr which is right 
invariant under K. Set for s G TJ^o 

(7.11) J{s,<P):= [ H{s,g)-'<P{g)dg. 

Jg{a) 

Then J{s, cj)) has an analytic continuation to a function which is holo- 
morphic on 71c. usual we let A he chosen as in the proof of Lemma 
4-1 of [1 , and suppose is an eigenfunction for A. Define A(0) hy 
A ■ (f) = A(0) ■ 0. Then for each integer k > 0, and all e > 0, and ev- 
ery compact suhset K C T^c+t, there exists a constant C = C{e, K, k) , 
independent of cf), such that 

(7.12) |J(s,0)| <CA(0)-V(e)l 
for all s G -ft'. 

Proof. Combine Corollary 17. 3| Corollary 14. H Theorem 16.71 and its corol- 
lary. □ 
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Remark 7.5. The value of the spherical function at the element ■(9(ct7^), 
for = ry{L*{a)) is related to the trace of the dominant weight Ua of 
the L-group applied to the Langlands class of 7r„, and that the Euler 
product J^si^, 71") is regularized by a product of Ls{sa, vr, Ua)- Additional 
information about these L-functions would lead to better error terms in 
asymptotics of rational points. 

8. Height zeta function 

8.1. The zeta function. The main tool in the study of distribution 
properties of rational points is the height zeta function, defined on G(F)\G(A) 
by 

Z{s,g):= J2 H{s,^g)-' 

7GG{F) 

Proposition 8.1. The series defining Z{s,g) converges absolutely to a 
holomorphic function for s G T^o- its region of convergence 

Z(s,^7)gC~(G(F)\G(A)). 

Furthermore, Z{s,g) and all of its group derivatives are in L^. 

Proof. It suffices to prove the absolute convergence of Z{s,g) for 3?(s) 
contained in some open cone. This is a general fact (see Proposition 
4.4 in [I^): since X is projective the cone generated by ample classes 
is open in Pic(X)iR. Fix some ample classes Lj generating Pic(X). The 
restriction Z{sLj, 1) converges for 3fJ(s) > aj, for some aj > 0. Now use 
the exponential property of heights. The proof of the last statement is 
identical to the proof of Proposition 2.3. of [SHI- D 

Proposition 8.2. The function F[g) = Z{s,g) satisfies the conditions 
of Lemma \3. 11 and hence has a spectral expansion. 

Proof. Obvious from the proof of Theorem 17.11 □ 

By Lemma [3.11 the zeta function has an expansion of the form 

(8.1) Z{s,g) = S,{Z{s,-),g) + S2{Z{s,-),g). 

Since the two sides are continuous functions of ^f, we may set g = e to 
get 

(8.2) Z{s) = S,{Z{s, ■),€) + S2{Z{s, ■),€). 
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We use this expansion to determine the analytic behavior of the height 
zeta function. The idea is to separate out the contribution of one- 
dimensional representations. Since the definition of 5*1 involves the Laplace 
operator, the contribution of one-dimensional representations to this 
term will cancel (we will see momentarily that because of the uniform 
convergence of the inner sum the A" can be moved to the Eisenstein 
series). It remains to treat the contribution to 5*2. Since both sums are 
of the shape considered in ()3.26p . without restriction of generality, we set 

(8.3) 

b 

^'(^) = E E^(A)-i 

X&X P 




where the symbol b indicates that the summation is over those classes 
which do not correspond to one- dimensional representations. The fact 
that the innermost sum is uniformly convergent for y in compact sets is 
included in the first half of the proof of Lemma 4.4 of p. (Note that here 
too one needs to use Lemma 4.1 of IJ). Therefore, we may interchange 
the innermost summation with the integral over G(A) to obtain 

(8.4) 

b 

^'(^) = E E^(A)-i 

xex p 




Theorem 8.3. The function S has an analytic continuation to a func- 
tion which is holomorphic on T_c- 

Proof. For simplicity we assume that the height function is invariant un- 
der right and left translation by the compact subgroup K as in Corollary 
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14.11 Keeping notation of Corollary 17.4^ we write 



■)) dT.. 



(8.5) 5^(s) = ^5^n(A)-i /■ I J2 E{e,<P)J{s,E{ 

X€X p ~'n(M) y0ggp(^)^ 

We now use the analytic continuation and bounds established in Corol- 
lary to obtain the analytic continuation of 5'^ Let 7^ be a compact 
subset of 71c. Then there is an e > such that K C T^c+t- By Corollary 
17.41 we know that for s E K and all k the expression 

(8.6) Y.Y.^'^y' I I E \E{eA)\-\J{s,E{<P,.))\\d7: 
is bounded by 

(8.7) C(e,ir,A;)5^5^n(A)-i / ( A(0)-1i?(e,0)n dyr. 

The convergence of the last expression is a consequence of Proposition 
13.51 This establishes Theorem 18.31 □ 

Remark 8.4. In the anisotropic situation, the desired analytic properties 
follow from the analytic continuation of the spectral zeta function of the 
Laplace operator on the corresponding compact quotient. 

8.2. Now we let a = (a„) G 7pj, and for s G C, we set 

(8.8) Za{s) = Z{s{ai,a2, ■ . ■ ,ar)) 

as a function of one complex variable. We need to determine the right 
most pole of Za(s). Set 

1 + 

(8.9) a{a) = max , 



and let S{a) be the set of a, modulo Galois action, for which the max- 
imum is achieved, and m(a) = #5'(a). The theorem implies that Za{s) 
has no pole for 3?(s) > cr(a). The order of pole of 

(8.10) / H{sa,g)-Ug 



at s = a (a) is equal to m(a). Therefore, we need those automorphic 
characters x such that C,a{x) = 1 ^oi all a G S{a). Clearly, we are 
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interested only in those automorphic x which satisfy 
(8.11) ! H{s,g)-\{g)dgy^O 



for some s in the domain of absolute convergence. This implies that 
X is right, and in this case also left, invariant under the compact open 
subgroup K of G(A/). Let X{a) be the collection of all such characters. 
By Lemma 3.1 of the set X{a) is finite. The proof of the above 
theorem shows that 

Theorem 8.5. The complex function Za{s) has a meromorphic contin- 
uation to 3fJ(s) > a{a) — e, e > 0, with an isolated pole at a{a) of order 
m{a). Furthermore, 

lim {s-a{a)r^^^Za{s)= lim (s-a(a))™(^) / H{s, g)-\{g) dg. 

The limit is a positive real number. 
Proof. If we set 

(8.12) fl ker(x), 

xex(a) 

then the above limit is equal to 

(8.13) lim (s - (T(a))™(^) [ H{s,g)-^dg. 

Again by Lemma 3.1. of [20 , we know that the group Ga has finite index 
inG(A). This easily implies that the above limit is a positive number. □ 

Remark 8.6. This result is a fundamental ingredient in the treatment 

of [m. 

A special case of particular interest is when = Kq, + 1, for all a. 
Because of its relevance to the anticanonical class of the wonderful com- 
pactification (c.f. Proposition 15. 2|) . we denote this a by k. In this case, 
(^{n) = 1; and m{!±) is equal to the number of distinct Galois orbits in 
A(G,T). 

Proposition 8.7. Suppose x ^■^ on automorphic character such that 
C,a{x) = 1 foi" o-ll 01. Then x = 1- 

Proof. This easily follows from Proposition 12. 9( Cartan decomposition, 
and the weak approximation. □ 
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The proposition shows that X{k) = {!}. 

Theorem 8.8. The complex function Zj^s) has a m,eromorphic contin- 
uation to 3fJ(s) > 1 — e for some e > with an isolated pole of order equal 
to the number of Galois orbits m A(G, T) at s — 1. Furthermore, 

hm (s - (7(k))'"(^)Z«(s) = hm (s-(7(K)r(^) / H{sK,g)-^dg. 

s^o-(k) s->-(t(k) Jg{A) 

8.3. Examples. 

Example 8.9 (PGL„). Let E^j be a local field, G = PGL„ and Xv ^ 
one-dimensional representation of G(F„). Then Xv has the form 

Xv{g) = Cv{det{g)), 

where is a character of F* whose order divides n. In the global situa- 
tion, 

X(5) = e(det(^)), ^eG(A), 

with of order dividing n, and ^\f* — 1. Let cci, . . . , q;„_i be the simple 
roots, with the convention that 

(8.14) Q;i(diag (ai, . . . , a„)) = aj/aj+i, 
and 

(8.15) a,{t) = (^^' J 
It is not hard to see that 

n-l 

(8.16) 2p=^i(n-i)o 



Let a = (fli, . . . , a„_i) G N" ^. We define cr(a), S'(a), m(a), and ^(a) as 
above. Suppose x ^ -^(cl)- Then if x = ^ o det, we must have 

(8.17) e = 1 

for all i & S{q). In particular, if we set 

(8.18) d{a) = gcd(n, gcd i), 

ieSia) 

then we obtain that x e X(a), if and only if x''^-^ = 1- 
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Example 8.10 (PGL4). Here 

2p(diag(a, b, c, d)) = c^bc-^d'^ = 

if A = {a = a/b,p = b/c,-f = c/d}. Thus a_K = (4,5,4). For a = 
(1, 1, 1) we have 

a{a) = max(4, 5, 4) = 5 and S{a) = {/?}. 

We have 

= diag(ro, zu, 1, 1) and x^(diag(ci7, zu, 1, 1)) = ^^{zu'^). 

Let ^ have order two. By our analysis, X — C ° det contributes to the 
asymptotic constant. 

Example 8.11 (PGU3). Let £'/F be a quadratic extension and GU3 C 
GL3(£^) the set of all g such that 



^g^Sg^XS, where S = 




Let G = PGU3 and write A — v{g) for the similitude norm of e G. 
Then 

G- = SU3,Z = Z- = {C-/3, C' = l}- 
The Galois action on G*"^ is given by 

if p e ^F/F restricts to cr G Te/f and p{g) = gf ii p & ^f/e- 
We claim that j : T*"^(F^) — > T(F^) is not surjective. 
We have 

T'^iF^) = {diag(a, e, a) a e E^} 
and aa~'^e = 1, with N(e) = 1, whereas 

T(F^) = {diag(a, b, Aa"'^), modulo scalars } 

with A — b^b. We can take t e T{Fy) to have the form 

diag(a, 1, a~°'). 

Finally, 

j(diag(a, 1, a~'^)) — diag(ae~^, 1, a~'^e'^) — diag(w, 1, u~'^), 
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modulo scalars. One-dimensional automorphic representations of G(A) 
are given by 

We need to consider the range of u. 
If V remains prime in E, then 

^g:Sg, = X,-S 

which implies = N^/^(det(gf^)). Thus e N^/^(£^^). If v splits in E, 
then there is no condition on A„. Thus 

z/ : G(A) ^ Ne/f{A*e). 

Also z/(q;^, ■ Is) = Nw/v{(^v) if V remains prime in E. 

We may take for the adjoint group U3/Z, where Z = diag(e, e, e) 
and NE/pie) = 1. We have xig) = C(det(c/)), g e G(A). Here ^ e 
N^(A)/N^(F), ^3 = 1. By Basse's theorem, 

G^(Ab) ^ N\A) 
x I— > X • x"'^ 

arc surjective. We may view ^ as a character 77 of Gto(Ae)/G^(£^) with 
7/^ = 1. The map 

J : T-(F„) ^ T(F,) 

is not surjective, since T(F„) is the set of all diag(a, l,a~'^) and T*'^(F^,) 
the set of diag(a, e, a~'^), with aa~'^e = 1. 
We wish to define 

-^(s,x) = Le{s,vi). 

This leads to the necessity of introducing a norm map. In this example 
we have 

N^/, : J{E^) ^ T(F„) 
t ^ t-a{t) 

with a{t) = SrS-\ Thus 

N^/„(diag(a, 6, c) = diag(ac~'^, bb~'^, ca"'^). 

Note that 

1 ^ SU,//.3 ^ U3/Z ^ ^ 1 

is exact. 
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9. Manin's conjecture 

In this section we apply Theorem 18.81 to obtain a resuh regarding the 
number of rational points of bounded height on wonderful compactifica- 
tions of the group G. 

We first recall a standard Tauberian theorem. 

Theorem 9.1. Let (c„)„gN be a sequence of positive real numbers such 
that for any B > only finitely many Cn < B. Let f be a function with 
values in ]R>o such that 

is absolutely convergent for 3fJ(s) > a > and has a representation 

Z{sJ) = j^^,g{s) + h{s) 



with g{s) and h(s) holomorphic for > a, g(a) ^ and b eN. Then 

J K"'J = - 
a I 

n : Cn<B 

as B ^ OO. 



E /W = ^(f^i?"(log5)^-^(l + o(l)), 



Theorem 9.2. Let X be the compactification of a semi-simple group G 
of adjoint type over F as in Section\^ and C = (L, || ■ an adelically 
metrized line bundle such that its class [L] G Pic{X) is contained in the 
interior of the cone of effective divisors Acfj(X). Then 

N{G, C, B) := #{x G G(F) | Hc{x) < B} = Q{C)B<'^^ log(fi)^(^)-i(l+o(l)) 

as B ^ oo. Here 

a{L) = mf{a \ a[L] + [Kx] G Aos{X)} 

(where Kx is the canonical line bundle of X) and b{L) is the (maximal) 
codimension of the face of Acs{X) containing a{L)[L] + [Kx]- Moreover, 
0(— /Cx) is the constant defined in [29\. 

Proof. We combine the following facts: 

• Br(X )/Br(F) = 1; 

• G(F)=G{A); 

• /g(a) ~ Ix(A) ^5 (where a;^ is the Tamagawa measure defined 
in 
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• = Ty{G) ^H^Kx{')dgv, for all v G Val(F). 

The first two facts are in [33], here it is important that G is of adjoint 
type. For the identifications of the measures see [221, [0]; Theorem 7.2 or 
0. □ 
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